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Abstract. This paper addresses the problem of synchronization for decentralized event-triggered
uncertain switched neural networks with two additive time-varying delays. A decentralized event-
triggered scheme is employed to determine the time instants of communication from the sensors
to the central controller based on narrow possible information only. In addition, a class of
switched neural networks is analyzed based on the Lyapunov—Krasovskii functional method and
a combined linear matrix inequality (LMI) technique and average dwell time approach. Some
sufficient conditions are derived to guarantee the exponential stability of neural networks under
consideration in the presence of admissible parametric uncertainties. Numerical examples are
provided to illustrate the effectiveness of the obtained results.
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1 Introduction

In recent years, neural networks (NNs) have become the active research field, and their
successive application used in various areas, such as image processing and optimization
problems [3,6,26]. Time delays, which always cause instability and degrade performance,
are ubiquitously present in many NNs due to the signal transmission (see [1, 12] and ref-
erences therein). Switched systems, which provide a unified framework for mathematical
modeling of many physical or man-made systems displaying switching features, such
as power electronics, flight control systems, network control systems, have been widely
studied recently [5,22,23]. The switched system consists of a collection of subsystems
and a switching signal governing the switching among them. In addition, the average
dwell time method introduced in [7] has been recognized to be flexible and efficient
in finding a suitable switching signal to guarantee the stability of switched systems or
improve the system performance [4,20].

In the recent years, event-triggered control has received increasing attention in real
time control systems. Especially to the case of battery-powered wireless devices, reduc-
ing the number of network transmissions has an important effect on the battery life-
span [14, 15]. Therefore, how to saving limited network resource is a significant and
challenging task. The main task to design a decentralized event-triggered scheme for
saving the limited communication resources while guaranteeing that the drive response
system is synchronous. As a result, event-triggered scheme particularly decentralized
event-triggered scheme has received a lot of research interest, and some important results
have been published [9, 16]. In [18], network-based event-triggered filtering for Marko-
vian jump systems is studied. In this paper, the model of decentralized event-triggered
is for saving the limited communication resources while assure that the switched neural
networks with additive time-varying delay is exponentially stable.

Recently, a new type of systems with two additive time-varying delays were proposed
in [8], and the stability problem was further discussed in [11]. In networked systems, sig-
nals are communicated from one point to another may experience two network segments,
which can possibly produce two time-varying delays with different properties by cause of
variable network transmission conditions [13,23,28]. Moreover, synchronization has been
extensively studied due to its strong potential applications in engineering, such as secure
communication, robot queue, and chemical reaction [10,27]. Synchronization strategies
can have communication between nodes, which cause the network congestion and waste
the network resources. In order to overcome the conservativeness of synchronization
strategies, the event-triggered strategy is proposed. Many results have been reported in
the literature for synchronization-based event-triggered problem [17,19,25]. In addition,
to the best of our knowledge, synchronization of uncertain switched neural networks with
two additive delay components via decentralized event-triggered scheme has not been
completely investigated, which motivates the study of this paper.

Based on the above discussions, in this paper, the problem of synchronization of
decentralized event-triggered uncertain switched neural networks with two additive delay
components is considered. By utilizing a novel Lyapunov—Krasovskii functional, integral
techniques, some sufficient conditions are expressed in terms of linear matrix inequalities
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(LMIs), which can be easily checked by using MATLAB LMI Control toolbox. Finally,
numerical examples are given to verify the effectiveness of the obtained criteria. The main
contributions of this paper are listed as follows: (i) a sufficient condition of exponential
stability with two additive time-varying delays for uncertain switched neural networks is
established by using average dwell time method, Lyapunov functional method, and some
mathematical techniques; and (ii) A decentralized event-triggered scheme is proposed to
synchronize the drive-response uncertain switched neural networks.

Notations. Throughout this manuscript, R” and R"*™ denote the n-dimensional Eu-
clidean space and the set of all n x n real matrices, respectively. The superscript T denotes
the transposition, and the notation P > 0 means that P is real, symmetric and positive
definite; diag denotes the block-diagonal matrix; ||-|| refers to the Euclidean vector norm.
The notation * always denotes the symmetric block in one symmetric matrix. Apin(A)
Or Amax(A) denotes the maximum eigenvalue or the minimum eigenvalue of matrix A,
respectively. Matrices, if their dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.

2 Problem statement and preliminaries

Consider the following uncertain drive-response neural networks with two additive time-
varying delay components:

y(t) = —(Wpy + AWsy (1)) y(t) + (Aﬁ(t) + AAgwy (1)) f(y(t))
+ (Bpw) + ABsy (1)) f (y (t — I (t) — ha(1)))

+ (Cpty + ACs (1)) f(y(s)) ds + v(t), (1)
o(1)
£(t) = = (Wa) + AWp (1)) 2(t) + (Aﬁ(f) + AAg (1) f(2(1))

+ (Ba() + ABgry (1)) f(2(t — ha(t) — ha(t)))

t

+ (Cpay + ACpy (¢ / f(2(s)) ds + v(t) + u(t), )

t—p(t)

where y(t) = [y1(t), y2(t), ..., yn(V)]T € R™, 2(t) = [21(t), 22(t), ..., 2 (t)]T € R™is
the neuron state vector in the drive system (1) and the response system (2), respectively;
Wy = diag{wgsy } with wgy, > 0 = 1,2,...,n); Agwy, Baw), Cary € R are
the connection weight matrix, discretely delayed connection weight matrix and the dis-
tributed delayed connection weight matrix, respectively; v(t) = [v1(t), v2(t), ..., v (t) €
R™] is an external input vector; u(t) € R™ is the control input of the response system (2);
FC)=1f1(),- .-, fa()]" € R™is the neuron activation function; AW (t), Adg (1),
ABg(t), ACg1 () are time-varying parametric uncertainties, where (3(t) denotes the
switching signal and takes the values in the finite set M = {1,2,...,m}, which means

t—
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that the matrices W), Ag(r), Ba), Cp(t) are allowed to take values in the finite set
(W1, A1, B1,C)], ... [(Wh, Ay B, Cr,)]. Corresponding to the switching signal
B(t), we have the switching sequence {z,; (lo,t0),--. (g, tk)s---y| e € M, k =
0,1,2...}, it means that /th subsystem is active when ¢t € [ty t;+1). In the drive-response
neural networks, j(t) represents the distributed delay, and h (¢) and ha(t) are additive
time-varying delays that satisfy

0 < hi(t) < ha, hi(t) < pa, 0 < ha(t) < ha, ha(t) < pa,
0<pt) <p, pt) < pa,

where h1, ho, P, i1, p2 and pg are known constants. Also, we denote fz(t) = le(t) +
ha(t), h = hy + ho and u = pq + po. We assume that the matrices AW (t), AA4;(t),
AB(t), AC)(t) are norm bounded and satisfy

[AW;(t) AA(t) ABi(t) AC(t)] = Gi(t)Fy(t) [ X1 Xor X5 Xul],

where G;(t), X1;, Xo;, X3, X4 are known real constant matrices with appropriate
dimensions. The uncertain matrix F}(t) satisfies F}* (t)F}(t) < I, ¢t > 0. In order to sim-
plify the equations, we write [AW,(¢) AA;(t) AB,;(t) AC,(t)] as [AW; AA; AB; ACY).

Assumption 1. Each neuron activation function f. (-) is bounded and there exist constants
I7,1F suchthatl; < lj+ and

lz_ < fz(pl) _fz(pQ) < l:,—

P1 — P2
for all p1,p2 € R, p1 # p2, z € N. For simplicity of presentation, we denote H; =
diag{ly 1,15 1y, . I 1y Hy = diag{(ly +1{)/2, (Iy +13)/2, ..., (I, +17)/2}.
Combining (1) and (2) with r(t) = y(t) — 2(t), the synchronization error system can be
obtained as

P(t) = — (Wi + AWy () r(t) + (A + AA(1) g (r(1)) + (B + ABi(t))

% g(r(t — hu() — ha(t)) + (Ci + ACH()) / (r(s)) ds +u(t), )
(1)

where g(r(t)) = f(z(t)) — f(y(t)), and it can be checked that the function g, (-) satisfies
the following condition:

z;ggZ(”) <, g.(0)=0 VzeR, p#£0, z€N.

The decentralized event-triggered scheme is initiate to decrease the communication
burden. In this design, the (m) entries and the measurement errors r(t) are collected into
¥ nodes, therefore the signals corresponding to node j € {1,2,...,9} are denoted by
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k;(t) € R™ for Z?Zl n; = n. A decentralized event-triggered condition embedded in
the event generators (EGs) is used to decide whether the sampled data should be released
to the controller or not. We denote the release instants of the jth event generator by

[t{cj h] %, = 0, and the next release instant tij 1h of event generator j is determined
by

th,y1h =t h+min{ih | o (8] b+ ih)guw; (8 h+ih)
> /{j’l“;r(tiﬁ)éjl’l“j (tiﬁ)}, 4

where x;, ¢; > 0, j € N, and also defined the error between the current sampling vector
and the latest transmission is

wy(t, h+ih) =r;(t h+ih) —r; (] h).

We will consider a decentralized event-triggered scheme in this paper, which is one
of the most important components for designing every control framework and reducing
the communication burden in the network. Generally, from (4), the set of release instants
{t;,h} is a subset of {0,7,2h, ...}, i.e., all the sampled signals are transmitted to the
controller. The decentralized event-triggered communication scheme is designed to re-
duce some unwanted data transmissions. Therefore, the real-time detection hardware is
no longer needed. In this paper, we are interested in designing the following controller:

u(t) = Kgoiy [r1 (toh), 3 (t7,h), -y 73 (th,h)], €€ [teh triah),

where Kp(;, 1) is the gain matrix to be determined. When B(txh) = B(try1h) = 1, the
[th subsystem is activated on [t h, tx+1h) and

txh = max tjﬁ ter1h = min max tj, h tj, >t 41
j:1,2,...,f){ k; }> + j:1,2,...,ﬁi:1,2,...,ﬁ{ k_7+1} ’ kij4+1 7 Yk

Let 93, = t41 — tx. Then the interval [tyh, t;1h) can be shown as [tyh, 4 1h) =
Uf;gl \i, where \; = [tgh +ih, tih +ih + h). Define ¢y (t) = t — tph —ih fort € \;.
It is easy to understand that ¢1 (¢) is a piecewise-linear function satisfying

0<a(t)<h, teX, <(t)=1, t#tgh+jh
Therefore, the threshold error w; (t;h + jh) can be rewritten as

wj (t — Q1 (t)) =Ty (t — Q1 (t)) —Tj (tij il),

Denote w(t — ¢1(t)) = {w1(t — «(t)), wa(t — 2(t)), ..., ws(t — <, (t))}. Then the
control input w; () can be obtained as

w(t)=K(rt—a) —w(t—«l()). (5)
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Substituting (5) in system (3), which gives
#(t) = — (Wi + AW (1)) r(t) + (A + AA(2)) g (r (1))

t
+ (B + ABy(t)) g (r(t — hn(t) — ha(1))) + (Ci + ACI(D)) / o(r(s)) ds
t—p(t)
+ Ki(r(t—a(t) —w(t —<l(t)) forte . (6)
The following definitions and lemmas will play an important role in the derivation of
our result.

Definition 1. (See [22].) System (3) is said to be robustly exponentially stable under
switching signal 3(t) if there exist some scalars k& > 0 and ) > 0 such that

lz(@)|| < ke =) || (2o) |,

where [|z(to)|| = sup_,cocolllz(s + D), l2(s + )])).

Definition 2. (See [22].) For any 75 > T; > 0, let Ng(11,T%) denote the number of
switching §(¢) over (T4, T5). If Ng(Th,T2) < No + (I — T1)/T, holds for T, > 0,
Ny = 0, then Ty, is called the average dwell time. It is commonly assumed in the literature
that N() =0.

Lemma 1 [Wirtinger-based integral inequality]. (See [12].) For any constant matrix
N > 0, the followmg mequallty holds for all contmuously differentiable function 6 in
a.t] = R™; f 0T (A > (200 dNTN([P (N dN) + 30T No,
whereg—f 9 2/b— f f 9 A) dudA.

Lemma 2. (See [3].) For scalars a and b satisfying a < b and a matrix R € S, the
following inequality holds: f; 7T (s)Rir(s)ds = (1/(b— a)) 22:0(2]6 + 1)pf Rpy.
Lemma 3. (See [26].) For a scalar o € (0,1), matrices Ri,Ry € S and Y1,Y> €
R™ ™ the following matrix inequality

1R, 0 J_[RBit+(Q-a)Xi Y(a)
* LRl = * Ry + aXs

-«

holds, where X, = Ry — Y1 Ry 'Y[¥, X3 = Ry — YoR;{ 'Y, and oYy + (1 — a)Ya.
3 Main results
In this section, our aim is to study the exponential stability of switched neural networks

with additive time-varying delays using the decentralized event-triggered design. First,
we consider the following nominal system:

P(t) = —Wir(t) + Aig(r(t)) + Big(r(t — ha(t) — ha(t))) + C) / g(r(s))ds
t=p(t)

+Kl(7’(t—§1(t)) _w(t_ﬁ(t)))» (7

http://www.journals.vu.lt/nonlinear-analysis
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In order to make the presentation more sententious, we define

T = [On(ifl)n I, On(34*i)n]; i=1,2,...,34,

b s Sm—1

Homz//~-~ / (S ) dSpy, - - - dsa dsq,
a a a

Iy = col{fy — 3, Fy+ 75— 2oy, T — g — Bigg + 12725,
Fy 4 3 — 12724 + 60725 — 60726},

Iy = col{fy — o, 7y + 7o — 2oy, T1 — Fy — Bigy + 1279,
1 + Ty — 1279 + 60705 — 6073},

¢ t—hy(t)

Ty = 1 7T(s)ds o 7T (s)ds 1 7T (s)ds

z(t)—lﬁl(ﬂ/ “d’al_mw/ (s)ds, - )/ (s)d
t—hy(t) t—hy

t—ha(t) . _
1 — i
- / 7T (s)ds|, a1:m7 a2:h7§1<t)
ha — ha(t)

t*ilg
I's = col{716 — 717, T16 + T17 — 2732, T16 — T17 — 6732 + 12733,
T16 + T17 — 12739 + 60733 — 60734 },
I'y = col{7y — T16, T1 + T16 — 2729, T1 — T16 — 6729 + 12730,

71+ F1g — 12729 + 60759 — 607731 },

R = diag{Rs;, 3Ra1, 5Ra1, TRz}, M = diag{ Mz, 3Mz;, 5Ma;, TMsz;}
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vo(t) mi(t) wa(t)  bolt) 1 (t) ba(t) }

h(t) h(t)" ht) h—h@t) h—ht) h—ht)]
T(t) = {rT (t—a(®), #*(t—h)

Yo(t) () () 0o(1) 01(t) 02(t) }

() i) ) h—a(t) h—<a(t) h—qlt)

3.1 Exponential stability analysis using decentralized event-triggered scheme

Theorem 1. For given scalars iLu(u =1,2), p, h, w h, i (G = 1,2,3), the equilib-
rium point of system (7) is exponentially stable if there exist symmetric positive-definite
matrices P, Qu (i = 1,2,...,7), Rj; (I =1,2,3,4), Su, Sa, Wi, My, My, positive
diagonal matrices Ay > 0 (f = 1,2) and the matrix ¢ > 0, any matrices 61, Ga, G,
&, s, Ly, T, Uy (s = 1, 2) with appropriate dimensions and Y1,Yo, Y3, Y, € Rinx4n
such that the following linear matrix inequalities hold:

ﬁa —ihééfe_a’i” —flg@ie_aim
st = | * —illRleiahl 0 X <0, 3)
* * 7?12R267ah2
where
I, = 0" (t)IIn(t), S=1,...,4, I=1,3, J =24, 9)
and

I = f?{apl + Qu + Qu + Qa1+ Qu + Qs; + Qo1 + h*Ray + My,

71—2 7 R R ~ ~ R -
- ZWUe’ah — H1A11 + éél + d;r + a2 + Oég + hOZ5 + hTOL5T — 2L1VV1}7’1
+ 75 {—e " Qui} s + 7l {—an + s }Fa — 7] {Q}7s + 7] {—dn + du} e

— 71 {Gu}Fr + 71 {P — Lu — W' LY, }7s + 71 {LuA; + Hy Ay }7e

+ 71 {LuBi}10 — 71 {5 )11 — 71 {5} + 71 {LuCl )i

_ w2 . . . s o N
+ "";F{Tl + 4W11}T16 — P T} 1s + 73 {—(1 — p1)e™*"Qu — H1 A }a

+rd {Hy Ay Yo — Fi {(1 — pu1)e ™M1 Qo Yy — Fg{e_"thsl}ﬁ
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— 76 {(1 — pa)e 2@31}7“6—7“7 {e ah?Qel}ﬁ
+ g {thll + thQl + h? R3; Jr Su + h? Moy, + h? W, — 2L1}
+7g {LuAi}fo + g {LuBi}i0 + fs {LuCi}rua + g {Ti}ire — 75 {Ti} s
+ 75 {Qr + p* St — A }ig + Flo{ —(1 — p)e™*"Qm — An }iro
=~ —ah ~ = 6 [eY ah | =
— T;rl {4e hR4l}T11 + T;rl{iLRue h}ﬁz — T12{h R4le }7‘12
~T ~T —ap = ~T 12 —ap \ ~
— Fig{Su}rers — 714 {2(1 — ps)e™ " S }r1s — 715 ﬁ(l — j13)S21€ T15
- w2 —oh - i Z s ~ - T
+ T?6{—4W116 R bel}ﬁe — Fle{ki}Tis + Fis (Kot — di}T1s
- ~ . 6 P
—@—aﬂﬂﬁﬂ}—ﬂ+aﬁ6ﬁﬂ§+ﬁ%ﬁﬂ—ug&m P}ﬁ
— sym{FlT (Oélyl + (1 - al)YQ)FQ} + (1 - Oél)FiI‘YiRilelTpl
+ a1 TFYTR™YoIy — (2 — ) [g M5 — (14 ) [F MTy
—sym{ I (aaYs + (1 — a2)Ya) I3} + (1 — o) I3 YaM 1Y, T
+ oo LYY, MY, Iy (10)

Then system (7) is exponentially stable for any switching signal with average dwell
time

T,>T =t
[0

Moreover, the estimator of state decay is given by

o0 < e o],

where foralll,j € M, i > 1 satisfies

P < Py, Qu < 1Qy;, Qa1 < [1Q25, Q31 < (1Q3;5,
Qu < [(1Q45, Qs1 < (Qs;, Qe1 < 1Qs;, Qn < (1Q7;,
Ry < iRy, Ry < iRy, R3; < [iR3;, Ry < iRy;, (11)
S < 151y, Sar < 1525, My < My, Moy < iMy;,
Wi < pWy,
n= %a *Tinﬂ’ n = minje p Amin P,
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M = max Apax ) + hmax Apnax@1; + b1 max Apax@2r + ho max Apax Qs
leM leM leM leM

+ il IlIéE}VDI( )\maxQ4l + hl Illéz}\;[( )\maXQESl + h2 Illéz}\fl( )\maxQGZ +h Illé?@( AmaxQ'Yl

- - h? h?
2 2
+ hi max Amax 1 + 75 max ApaxRai + — max Apax B3 + — max ApaxRa;
leM leM 2 leM 2 leM
76 ~3 73

h . h
+ — max ApaxS1 + L max AmaxS2; + h max Apax M1, + — max Apax Mo
6 leM 2 leM leM 2 leM

+ BS rlrel?'v}[( >\maxVVl - Brlrel%( )\maxWh

and the controller gain is K; = L;llTl.
Proof. Choose the LKF for system (7) as

V(r@) =Y _Vi(r(t), (12)

where

Vi(r(t)) =r"(t)Pr(t),

Va(r(t)) = / e T (5)Qur(s) ds + / e T (§)Qgr(s) ds

t—h(t) t—hy(t)

¢ ¢
+ / T (5)Qqr(s) ds + /ea(sft)rT(s)Qzur(s) ds
t—ha(t) t—h

t t
+ / ea(s_t)TT(S)QmT(S)dS + / eo‘(s_t)TT(s)Qﬁlr(s)ds
—hs

t—hy t—h
t

4 /‘eﬂ&%wTww»Qngww»ds

t—h(t)

0 t 0 t
V) = [ [T R dsag [ [0 6 Rais) asas
ith+,8 _ﬁ2t+6
h// 5=t (§) Rgyi(s dsdBJrh// A=) T (§)Ryr(s) dsdf,
_ht+B —ht+p
~ 0 0 t
h2
Va(r() = / / / o= ()5, () ds dB A,
—h B t+A

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Synchronization of decentralized event-triggered uncertain switched neural networks 193

0t
Vs (r(t)) = p(t) / /ea(s_t)gT(r(s))Sglg(r(s)) dsds,

—p(t) t+8
t

0 ¢

Vz(r(t) = / @G0T () Myyr(s) ds + h / / DT (6) Myyi(s) ds d,
t—q1(t) —ht+B
and V5 (r(t)) is the discontinuous functional of the form

t

Va(r(t)) = h? / A=t T(§) W7 (s) ds

t—g¢1 (t)

- / (=) r(t—s1(1))) W (r(s)—r(t—ci(t))) ds.  (13)
t <1 ()
The time derivative of Z?Zl V.(r(t)) along the trajectory of system (7) is given by:
Vi(r() = 2" ()P (8),
Va(r(®)) < T (OQur(t) = (1= weMr™ (¢ = A1) Qur(t = A1) + " (H)Qur(t)
— (1= pr)e Py Tt = hi(1)Qur(t — hi(t)) +rT (1) Qar(t)
— (1 — pa)e™ 20T (£ = ho(£)) Qarr (t — ha()) + 7T ()Quir(1)
— (1= e (e~ MQur(t = h) + 1 (H)Qsr(?)
— e (= hy)Qar(t — ha) + 7T (H)Qarr (1)
— e (b = ho)Qar(t = ho) — aVa(t) + 9" (r(1)) Qg (r(1))
—(1- ’“hgT(r( h())Qua (r(t = h(1))),

Va(r(t) = ™ (8) Ru(t) — / e=h 5T () Ryyi(s) ds + har T (£) Raui (1)

t—h,
t
- / o= hay. T(s)Rar(s) ds — aVs(t), (14)
—hs

Vi (r(t)) = b2 () Ry (t) — h / e "3 T (s) Ryyii(s) ds + h2rT () Ry (t)

t—h

t
i / =T () Rur(s) ds — aVa(t), (15)
h
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- (/O /t 7(s) dsd,@)TSu</0 / () dsdﬁ> —aVs(t), (16)

— (1= p3)p(t) / e gt (r(s))Sug(r(s)) ds — aVs(t), (17)
Vi (r(8)) = r™ () My (t) + B2 (8) Magi ()

—h / e~ T () Mayyi(s) ds — aVa(t), (18)

Using Lemmas 1-3 in (15), (17) and (18), we have

t t

—h / =M™ () Ryr(s) ds < e~°" [_< / > < / " )

t—h t—h t—
t 5 t ot -
—3[—/TT +E//TT )dsdp
h —h B -
) ;
/r ds+ﬁ / /r(s)dsdﬁ ],
h h B -

t— t—

Also,
t—h(t) t
—h / e=hiT (8) Ry (s) ds — h / e=hiT (s) Ry (s) ds
t—h t—h(t)
<y (H)e " (—(2 — ag) [T My — (1 + ag) [ MTy
— sym{FQT (a2Y2 +(1- ozg)Yg)Fz;}

+ (1 - ) [FYIM 7Y Iy + ao IS YT MY 1 ) o (1).
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From the Newton-Leibniz formula, the following equations are true for any matrices
a1, G, o, &y and &5 with appropriate dimensions:

()2 | (1) — (t — ha(£)) — oy () | / #(s) ds] ~0,

hy(t
- t—hi(t)
_ ) t—h(t)
2T () Zéag [r(t — ha(t)) —r(t —h1) — (b1 — El(t))m / 7(s) ds] =0,
- t—hy

2T (1) 2o [ 7(t) — r(t — ha(t)) — ha(t)

>
>
2=
[
\&
<.
—
)
S—
o
)
| I
I
o

t—ha(t)
~ t—ha(t)

()2 | ( — holt)) — r(t — o) — (ho — hat ))1() / #(s) ds] o,

ha — ho(t
t
T (t)Zés | h /7" ds—// dsd@]

t—h —ht+o

t*ilz

Also,

18 times 20 times
——
mH(t) = [ (1), & (1), &), & (#)] and Z=colll, 1, 1,0, 0, 0].

On the other hand, we have the following equality for any real matrix Lq;:

2[rT(t) Ly + 77 (t) L] l—f"(t) — Wir(t) + Aig(r(t)) + Big(r(t — ha(t) — ha(t)))
+C / g(r(s))ds+ K (r(t—«(t) —w(t—«(t)))| =0. (19)
t—p(t)

Combining and adding (12)-(19), we obtain
V(r(t)) < n"(t)en(t),

where
To =Mt t)are™  —(hy — hy(t))dze " ap ap
. % —hy(t)Ryeoh 0 0 0
0= x —(hy = hy(t))Rye=®m 0 0| <0,
* * * by O
* * * * by
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N az = —(32 - ilz(t))éue_ahz,

ayp = —hg(t)age 5
by = —ha(t) Rye "2, by = —(ho — ilz(t))Rzle_aﬁz-

There exists a scalar ¢ > 0, such that
(20)

V(r(t)) < —en™(t)n(t) < —erT(t)r(t) <0 Vr(t) #0.

Then the following linear matrix inequality leads for (k1 (t) — k1) and for hy () — 0

o, — [2*11 iz] <0, @1
where
5 I, —hiGie—oh 5 —hy(t)dge™"2  —(hy — ho(t))dge™ 2
1 = A 2l 12 = )
* —hiRye M 0 0
= —ilg(t)Rzle athy 0
222 = 7 ah
* 7(h2 — hg(t))Rgle 2
Oy = ﬁjl 212} <0, (22)
=22
where
—_ IA](X _i\l N e_aiLl —_ - —_ -
S = [ R} }}1133 e“i“] ; S = 2, Zag = L.
—hy ity

It is easy to see that Oy results from O hot ()=, - AAlSO, for our convenience we neglected
the zero row and zero column. The LMIs (21) and (22) imply (20) because
ha(t - hi — ha(t - -

Dt wem (o) + = )8um() = 1 0O <0,

1

Define
1 / 1 /
Tt) = t), = /fTsd&A /rTsds
m (t) = &) ) (s) () . (s)
t—hy(t) t—ha(t)
t—hao(t)
1 T
— 7 (s)ds]|,
ha — ha(t) J
t—ho
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hi—hai(t) J ha(t)
t—hy t—ha(t)

t—ha (t) t
na (t) [gﬂt% 744417447 L/“ 71 (s) ds, Al t/i 7T (s) ds

t—ho(t)
1
hy — ho(t)

t—ng

T (s) ds] ,

and © is convex in hy(t) € [0,hy]. In By, for hy(t) — hy and hy(t) — 0, gives (9).
Similarly, for hz(t) — ho and hy(t) — 0in (Oy), gives the LMI (16). Also II; and Il
can be get from (6©;) because

201 0) ) + 22 0 0) = 0T 0G0 0) < 0
2 2
and O is convex in hy(t) € [0, hy).
Define
[ 1 / 1 /
T _ .T .T
UE (t) = _51 (t), ;Ll(t) / r (S) ds, ]/:LQ(t) / r (S) dS‘| >
t—hy (t) t—ha(t)
_ t t—ho(t)
T 1 T 1 T
un (t> - _51 (t)a ih(t) / r (S) d87 fALQ _ ]A“Lg(t) / r <5> dS] ’
t—hy(t) t—hy

where I1; and I1 are defined in (16). Similarly, II5 and IT, can get from (O,) because

22026 s (1) + ’”‘Tf”“)ﬁ(t)ﬁwem — 7T (H)Ban(t)2(t) < 0.

and O, is convex in hy(t) € [0, ho]. Define

_ t—hy (t)

t
1 1
T .T .T
ns (t) = |&1(t), ———— / 7 (s)ds, = / 7 (s)ds|,
’ h—hi(t) J ha(t) .
- t—h1 t*hQ(t)
_ t—hi (t) t—ha(t)
1 1
T .T .T
ng (t) = |&(t), ———— / 7 (s)ds, ———— / 7+ (s)ds]|,
‘ U b =) ) ha = ha(t) J
t—hy t—ha
where ﬁg, 11, are defined in (8).
Furthermore, when t € [tg, tr+1), (8) resultin
V(t) = Vi < e 05V (t). (23)
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Using (11), at the switching instant ¢;, we have
V(t) = Ve (t) < ﬂVﬁ(t;)(tl_), l=1,2,.... 24)
Together with (23) and (24), with the relation k = Ng(t,t0) < (t — t0)/Ty,
V(1) e T AV () < < e TV o (1)
< @B Ta) (4 — 40) Vi 109 (o)

Moreover, for any ¢ € [0, ], from the definition of LKFs in (12), the following inequali-
ties hold:

Amin P[] < 7T () Pir() < V(£) < e BT (¢ — 1)V, (fo)
< nl|r(to)||*.

Therefore, we have

V(1) < Zem @ m/T) (¢ — 40) | (to) |

S
3

This implies
[EGIS ﬁe‘“l““‘”“””@ —t0)]r(to)

Therefore, from Definition 1, the synchronization error system (7) is exponentially stable.
O

Based on Theorem 1, we presents the exponential stability for uncertain switched
neural networks using decentralized event-triggered scheme.

Theorem 2. For given scalars iLu(u =1,2), p, h, w, h, wi (j = 1,2,3), the equilib-
rium point of system (6) is exponentially stable if there exist symmetric positive-definite
matrices P, Qy (¢ = 1,2,...,7), Rj; (j = 1,2,3,4), Su, Sa, Mu, My, positive
diagonal matrices Ay; > 0 (f = 1,2), scalars € > 0, the matrix ¢ > 0 and any
matrices &, Go, A3, G4, G5, Ly, T, Ug (s = 1,2) with appropriate dimensions and
Y1, Yo, Y3, Yy € RA™X4A% such that the following linear matrix inequalities hold:

ﬁa —iL1OAzfe_a}h“ —iLQOAzI:e_O‘HQ r
. 7 —ahy
Hg _ * thle . 0 . 0 < 07 (25)
* * —hgRoe~ N2 0
* * * —el
where
6 times 26 times
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and

m)
I

2
~ - ™ —of
7”1T{04Pl + Q1+ Qar + Q31 + Qu + Qs + Qo + W Ry + My, — ZWHQ h
— Hi Ay + 69 + GT + o + 6 + hés + BT ad — 2Llwl}f1
+ 7 {—e 7" Qu s + 7T {—G1 + G3}Fa — 71 {3 }Fs + L {—Go + G}

— i {ay Yy + 7 { P — Ly — WN L g + 71 {Ly Ay 4+ Ha Ay b
+ 7 { Ly B} — 71 {és } i1y — 71 {13 + 71 {LuCo g

- 2 _ y 5 y i y
+ TlT{Tl + 4W11}7"16 — 7 {T}}1s + TQT{—(l — p1)e " Qu — HyAg }o
+ TQT{H2A2Z}7:10 - f4T{(]. - ,ul)e_‘”“ le}ﬁl - fg{e_ahl Q5l}7z5
— g {(1— p2)e™ " Qi }76 — 77 {e "2 Qe }r7

. . . B4 _ _

+ ;sT{thu + haRoy + h* Ry + ZSU + h? My + W2 W, — 2L1}f8

T LT . T . T - T -
+ 7g { L1 A1} + 75 { L1 Bi}710 + 75 {L11C1 }F14 + T {11 }716 — T {11} 718
+ 79 {Qr1 + p* St — Au}io + T — (1 — m)e™ " Qr — A }ao

- —ah - - 6 —ai | - ~ 12 —oh | -
,1"11{4(3 hR4l}T11+T?1{;LR4le h}rmrg{iﬂRMe h}rlz

= = —ap = = 6 —ap
— 7ia{S1u}reis — 7'1T4{2(1 — p3)e” *P Sy by + T;F4{ﬁ(1 — p3)Sae p}’/‘15

o 12 o~ - - N 2 ok - 1.
— s E(l — p3)Sae” Y15 — Flg{rdi s + TlTﬁ{—4W1ze - H(ﬁl}ﬁe
+ Pig{kdr — di}i1s — (2 — ar)) TR — sym{I'F (a1 V7 + (1 — aq)Ya) o}
+ (1 =) VIR + o I Y, Rl — (2 — )Ty MIs
~ (1 + )T My — sym{Iy (Y3 + (1 — a2)Ys) I3}
+ (1= a) IFYVsM Yy + o TF Y, MY,y — (14 ) T R
System (6) is exponentially stable for any switching signal with average dwell time

T, > Tr = In(ji/a). Moreover, the estimator of state decay is given by ||z(t)| <
/e 1) || (t)||, where, for all 1, j € M, ji > 1 satisfies

P <pPy,  Qu < iQuy, Qu < AQ2, Q3 < i0Q35, Qu < iQ4y,
Qs < [1Qs5, Qe < fQsj, Qn < fQ7;, Ru < [iR1j, Ra < iRy,
Ry < iR3j, Ry < pRy;, Su < psSy,  So < Sy, My < My,
My < iMaj, Wi < aWy;
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1 ~
77:2<O[—11’1£>, ﬁ:minleMAminF)lv

M = max >\max-Pl -+ hmax )\malel + hl max )\maxQ2l
leM leM leM

+ hp max )\maxQ3l + hmax /\maxQ4l + hi max /\maXQSl
leM leM leM

7 7 72
+ ho max A, + hmax Ay, + h{ max Apax R
2 lent mdeGl lear maxQ?l 1 lear max+{l1]

3 3
+ h% ?é?@( )\maxRQI + % Illé?\‘;; AmaxRi’)l + % Ilrel%( A1‘11za‘x1%4l
7.6 ,53 3
+ F Illée}\/}l( )\maxsll + ? rlré?\}( /\maxSQl + h ?é%{ Amax]\4ll
h3 - -
+ — max Amax Moy + h% max A\pax Wi — hmax Apay Wi
2 leM leM leM

Moreover, the controller gain is K = Ll_lT, and the other parameters are same as in
Theorem 1.

Proof. Replacing Wy, A;, By, C; in (10) with W, + G F;(t) Xq;, A + G Fy(t) Xay, B; +
G Fi(t)X3;, C) + Gy Fy(t) Xy, respectively, and following the similar line in the proof of
Theorem 1, we obtain

M, + W, F()0, + (Z.F()%) " <0, (26)

where

v, = col[L1Gy, 0, 0, 0, LGy, 0, 0, 0],
N—— N——

6 times 26 times
@, = col[—X1;, 0, 0, 0, Xo, X3, 0, 0, 0, Xq, 0, 0, 0].
—— ——
7 times 20 times

By Lemma in [1], the necessary and sufficient condition satisfy inequality (26), and
there exists a scalar € > 0 such that

I, < 07 W, + e, ', (27)

Now, by applying the Schur complement lemma in (27), we get (25), which guarantees
that the drive system (1) and the response system (2) are synchronous. This completes the
proof. O

Remark 1. In the absence of switching signal, control input and distributed delays the
nominal system (7) is reduced to the following neural networks:

i(t) = —Wr(t) + Ag(r(t)) + Bg(r(t — hi(t) — ha(t))). (28)

Then by Theorem 1, it is easy to have the following corollary.
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Corollary 1. For given scalars ho (u = 1,2), p, h, w h, wi (G = 1,2,3), system (28)
is asymptotically stable if there exist symmetric positive-definite matrices P, Q; (i =
1,2,...,7), R; (I = 1,2,3,4), 51, positive diagonal matrices Ay (f = 1,2), and any
matrices 61, Ga, Gz, G, &s, L1, Uy, with appropriate dimensions and Yy, Yy € RAm>4n,
such that the following linear matrix inequalities hold:

I, —hia; —haé;

* _thl 0 < O;

958

* * —iZQRQ

where I, = 0T (t)IIn(t), S =1,...,4,1 = 1,3, J = 2,4, and the remaining terms are
defined in Theorem 1.

Proof. The LKF can be chosen as in Theorem 1. Then applying the same procedure of
Theorem 1 we can get that system (28) is asymptotically stable. O

Remark 2. It will be mentioned that condition (9) in Theorem 1 is dependent on the
additive time-varying delay h1(t), ho(t), which cannot be solved directly by LMI tool.
Noted that IT is a linear function on the variable hy(t), ho(t) it is easy to show that
condition (9) is satisfied for all 0 < ha(t) < hn, 0 < ho(t) < ho if 1T (4 =0 < O

and Hibl(t):ilhilz(t):;lz <0.

Remark 3. In the available existing literature, the stability problem has been discussed
for various NNs through different techniques. In [5], the authors studied the stability
problem of switched Hopfield NNs of neutral type with additive time-varying delay using
Jensen integral inequality and Finser lemma. In [11], the authors discussed the problem of
generalized neural networks with additive time-varying delay by using integral inequality
technique (IIT), Writinger double integral inequality (WDII). Furthermore, some pioneer-
ing works have been done to transform the event-triggered control for synchronization
of switched neural networks in [19], and event-triggered synchronization strategy for
complex dynamical networks was studied in [17]. The model considered in the present
study is more practical than that proposed by [5, 19], because in this paper we consider
event-triggered switched neural networks with additive time-varying delay. The scheme
of event-triggered sampling is an effective way within the electronic chips with limited
capacity and energy for their great abilities to reduce the data transmission and power
consumption. which is the main contribution and motivation of our work. Hence, the
results presented in this paper are essentially new.

Remark 4. In general, if size of the LMIs increase then the computation burden will also
increase. However, large size of LMIs yield better system performances. In this paper,
the proposed criteria are employed by the several integral inequalities; as a result, some
computational complexity can occur in the proposed criterion. To avoid the computational
burden, in future the Finsler’s lemma was applied in the proof of the main results, which in
turn to reduce the computational burden. Moreover, in the future work, we will focus on
lower computational complexity of the stability problems while maintaining the desired
system performances.
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4 Numerical examples

Example 1. Consider the uncertain switched neural networks (6) with parameter as fol-

lows:
le[g 2}7 Wgz[g (;]
R e R i
sl o m=lor S e=[Gs S
= (1) ﬂ = (1) ﬂ G2 = :065 0(.)5}’

Xp1 = diag{0.1,0.1}, Xps = diag{0.2,0.2}, k=1,2,3,4.

Alsolethy = 1.2, hy =15, p= 0.1, u1 = 0.2, o = 0.3, h = = 0.1, g = 0.1,
a = 0.1, 4 = 1.05, H = 0, Hy = 0.5]. By using the Matlab LMI control Toolbox,
we solve the linear matrix inequalities in Theorem 2, we get the following control gain
matrices and the event triggered parameters. Due to page limitation we omitted the
feasible solutions:

K — | 00273 —0.0004 K, — | 05038 —0.0902

L= 1-0.0000 0.0302 |’ 27 1-0.0301 —0.1652]|"

- 0.1000 0.0120 - 0.6111 0.1089

é1= {0.0120 0.0410} ’ b2 = {0.1089 0.8148} ’ ¢ = 0.0025.

For given i = 1.05, Theorem 2 gives T = Inji/a = 0.4879. Then by using
Theorem 2 and taking T,, = 0.5, n = 0.0012, we obtain

|z(t)]| < 19.5261e~ %-0012=10) | 3(¢,) .

In the simulation Fig. 1, (a) and (b) depict the synchronization state trajectories y (t),
y2(t) of system (6) and z1(t), z2(t) of its response system, respectively. Figure 1(c)
describes the synchronization error curves of the state variables r1(t), r2(t) between the
drive system and the corresponding response system, the switching signal is plotted in
Fig. 1(d). It can also be verified that the LMI (25) are even feasible for larger upper delay
bounds A, and hy, which indicates that the system is exponentially synchronized.

Example 2. Consider the neural network (46) with the following parameters:
2 0 1 1 088 1
S T B Y E S
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Figure 1. Panels (a)—(d) contain the simulation results of the synchronization state trajectories, error curves and

switching signal of system (6).

Table 1. Comparison of the number of the
decision variables involved in Corollary 1.

Table 2. Allowable upper bounds of ha for different
values of h1 with u1 = 0.7, ug = 0.1.

Methods number of decision
variables involved
[28] 36.5n2 + 8.5n
[13] 32.5n2 + 8.5n
[2] 21.5n2 + 8.5n

Corollary 1 13.5n2 4 8.5n

In this example, the activation functions are given as g;(r) = 0.4 tanh(r) and go(r)

h1 0.8 1.0 1.2

ha by [28] 0.8831 0.6832  0.4043
ha by [13] 1.5666 1.3668 1.1664
ho by [21] 1.9528  1.7992  1.6441
ha by [24] 1.9666 1.8351  1.6803
ha by Corollary 1~ 2.0147  1.9215  1.7361

0.8 tanh(r). It is easy to check that Assumption 1 holds with H, = diag{0.4,0.8} when
=08 (u = 0.7 pu =0.1)and g = 0.9 (1 = 0.7, uy = 0.2). Let hy and hs be
the upper bounds of time-varying delays h1(¢) and hq (), respectively, and hy (t) < p1,
hos (t) < pa2. Solving LMIs in Corollary 1 by using Matlab LMI toolbox, we can calculate
allowable upper bounds of 1 (t) and hs(t), which are given in Table 2.
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5 Conclusion

The problem of synchronization of decentralized event-triggered has been addressed for
uncertain switched neural networks with two additive time-varying delays. To reduce the
communication burden in the network, the novel decentralized event-triggered commu-
nication scheme has been proposed. By using the Lyapunov functional method, convex
combination techniques and Wirtinger-based integral inequality some sufficient condi-
tions in terms of linear matrix inequalities have been derived to guarantee the exponential
stability of the neural networks under consideration. Numerical examples are provided to
demonstrate the effectiveness of the obtained results. In future work, we will utilize the
proposed method to deal with stochastic neural networks, fuzzy neural networks, or other
types of neural networks with time-varying delays.
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