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Abstract. In this paper, we study a class of coupled fractional conformable Langevin differential
system and inclusion on the circular graph. On the one hand, the existence and uniqueness of
solutions of this coupled fractional conformable Langevin differential system are studied by fixed
point theorems. On the other hand, in the multivalued case, the existence of at least one solution
of the fractional conformable Langevin differential inclusion on the circular graph is discussed and
the sufficient conditions are established by using Leray–Schauder nonlinear alternative and Covitz–
Nadler fixed point theorem.

Keywords: circular graph, fractional conformable derivative, Langevin differential equation and
inclusion, fixed point theorem.

1 Introduction and preliminaries

Fractional calculus is a branch of mathematics that extends the traditional calculus theory.
It allows the calculation of fractional derivatives and fractional integrals, can capture the
long-range dependence of time and space more accurately when describing nonlocal
behaviors, can be used to model fractional differential equations [6, 13, 27], and can
also be applied to physics, engineering, biology and other fields [10, 18], especially,
nonlinear dynamics, signal processing and image processing. In recent years, fractional
calculus is often used to describe nonlinear, multiscale and time-varying systems, and
it is also widely used in deep learning such as fractional neural network and fractional
convolutional neural network.

What’s more, fractional differential equations occupy an important position in math-
ematical theory and have a wide range of applications in many fields such as natural
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Figure 1. n-edge star graph G.

science and engineering technology [9, 15]. Fractional differential equations can be used
to simulate and predict dynamic behaviors in tumor cell proliferation and hemodynamics
[2], in addition, it can also be used to describe time-dependent behaviors of nonlinear ma-
terials and elastic and plastic behaviors of nanostructures [20]. More results on fractional
differential equations can be found in [3,14,28]. In 2017, Jarad et al. [16] proposed a new
fractional derivative called the fractional conformable derivative. As described by Jarad
et al., this fractional conformable derivative contains some classical fractional derivatives.
For more information, please refer to [16].

In recent years, the research of fractional calculus has been further developed and
has become a new interdisciplinary research field. As one of the representative models
of fractional calculus, fractional Langevin equation is of great significance to deeply
explore the principle and application of fractional calculus. Fractional Langevin equation
is widely used in various fields [22, 26]. In the field of biomedical engineering, it is
used to establish the model of heart disease to study the complex dynamic phenomena in
cardiovascular system. In the field of robot control, it is used to study the motion control
and trajectory tracking of robots, so as to improve the motion accuracy and stability of
robots [29]. With the wide application of fractional Langevin equation, the solutions of
its initial value problem and boundary value problem have attracted more attention from
scholars [1, 4, 24, 25].

In 2019, Mehandiratta, Mehra and Leugering [19] studied a star graph with n edges
and n+1 vertices (Fig. 1) with V (G) = {x0, x1, . . . xn} and E(G) = {e1 = −−→x0x1, e2 =
−−→x2x0, . . . , en = −−−→xnx0}, where lj = |−−→xjx0| is regarded as the length of ej connecting
vertices xj to x0 (j = 1, . . . , n). They considered the following system:

cDv
0ϑj(t) = ϕj

(
t, ϑj(t),

cDα
0 ϑj(t)

)
, t ∈ (0, lj), j = 1, 2, . . . , n,

ϑj(0) = 0, ϑj(lj) = ϑi(li) (i 6= j),

n∑
j=1

y′j(lj) = 0
(1)
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Figure 2. A circular.

in which v ∈ (1, 2], α ∈ (0, v − 1], ϕj ∈ C([0, lj ] × R2,R), and cDv
0 is the vth Caputo

derivative. The authors established transformations w = t/lj ∈ [0, 1] and y(w) = ϑ(t) =
ϑ(ljw) for t ∈ (0, lj ] to prove the relation cDv

0ϑ(t) = l−vj (cDv
0y(w)). By the above

transformations over the interval [0, 1], system (1) can be rewritten into the following
form:

cDv
0yj(w) = lvjhj

(
w, yj(w), l−vj

cDv
0yj(w)

)
, w ∈ [0, 1],

yj(0) = 0, yj(1) = yi(1) (i 6= j),

n∑
j=1

l−1j y′j(1) = 0,
(2)

where yj(w) = ui(ljw) and hj(w, u, ỹ) = ϕj(ljw, u, ỹ) for j ∈ Nn1 := {1, 2, . . . , n}.
Inspired by the above research, this paper studies a class of coupled fractional con-

formable Langevin differential system and inclusion on the circular graph. Circular net-
work structure is widely used in neural network, image processing, computer vision
and bioinformatics [12, 17]. For example, recurrent neural network is a kind of neural
network with a circular structure that can be used to process temporal data. It has a wide
range of applications in natural language processing, speech recognition, music gener-
ation, etc. [12]. In addition, in the field of bioinformatics, circular networks are often
used to demonstrate the relationships between complex systems such as genes, proteins,
metabolic pathways and interaction networks [17].

In order to reduce the complexity of the presentation, we study the fractional boundary
value problem on the simplest circular graph. In particular, the circular graph used in this
paper is an example that includes a circular network structure. We construct a circular
graph G = (V,E), which consists of a set of nodes V = {v0, v1} and a set of arcs E =
{e1 = −−→v0v1, e2 = v0v1−−→} connecting these nodes. The arcs e1 and e2 are parameterized
by the interval (0, π), so e1 and e2 form a circular with a length of 2π (Fig. 2).

To be precise, we study the fractional conformable Langevin differential system on
the circular graph as follows:

C
0
βDα

(
C
0
γDα + λj

)
uj(t) = gj

(
t, uj(t)

)
, t ∈ [0, π],

u1(0) = u2(0) = 0, u1(π) = u2(π),
C
0
γDαu1(0) + C

0
γDαu2(0) = 0,

(3)
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where α, β, γ ∈ (0, 1], γ < β, gj ∈ C([0, π] × R,R), λj ∈ R+ and j = 1, 2. C
0
βDα

and C
0
γDα represent fractional conformable derivatives of Caputo type of order β and γ,

respectively.
The multivalued problem corresponding to (3) is also studied in this paper by

C
0
βDα

(
C
0
γDα + λj

)
uj(t) ∈ Fj

(
t, uj(t)

)
, t ∈ [0, π],

u1(0) = u2(0) = 0, u1(π) = u2(π),
C
0
γDαu1(0) + C

0
γDαu2(0) = 0,

(4)

where j = 1, 2, Fj : [0, π]×R→ P(R) (P(R) represents a family of all nonempty subsets
of R) denotes a multivalued map.

For the rest of this article, we arrange as follows. In Section 2, some related prelim-
inary concepts and lemmas are reviewed. Section 3 is devoted to proving the existence
and uniqueness of the single-valued problem. Section 4 proves the existence results of the
multivalued problem. Finally, in Section 5, several examples are provided to verify the
reliability of the proposed results.

2 Some preliminary concepts and lemmas

Definition 1. (See [16].) Let β ∈ C, Re(β) > 0, the fractional conformable integral
operator is defined as

β
aIαh(t) =

1

Γ(β)

t∫
a

(
(t− a)α − (v − a)α

α

)β−1
h(v)

dv

(v − a)1−α
.

Definition 2. [16] Let α > 0, Re(β) > 0 and n = [Re(β)] + 1. If h ∈ Cnα,a, the βth
Caputo fractional conformable derivative of the function h is defined as

C
a
βDαh(t) =

1

Γ(n− β)

t∫
a

(
(t− a)α − (v − a)α

α

)n−β−1 n
aT αh(v)

(v − a)1−α
dv,

where
n
aT α = aT αaT α · · · aT α︸ ︷︷ ︸

n times

, aT αh(v) = (v − a)1−αh′(v).

Lemma 1. (See [16].) Let Re(β) > 0, Re(γ) > 0. Then

β
aIα

(
γ
aIα

)
h(t) = β+γ

a Iαh(t).

Lemma 2. (See [16].) Let h ∈ Cnα,a[a, b], β ∈ C. Then

β
aIα

(
C
a
βDαh(t)

)
= h(t)−

n−1∑
k=0

k
aT αh(a)(v − a)αk

k!αk
.
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Next, we give a linear variation lemma, which provides an auxiliary result for the
transformation of our boundary value problem.

Lemma 3. Let hj ∈ C([0, π],R), β, γ ∈ (0, 1], γ < β, j = 1, 2. Then uj satisfy the
following problem

C
0
βDα

(
C
0
γDα + λj

)
uj(t) = hj(t), t ∈ [0, π],

u1(0) = u2(0) = 0, u1(π) = u2(π),
C
0
γDαu1(0) + C

0
γDαu2(0) = 0

(5)

if and only if

uj(t)

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
hj(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
h1(s)− h2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
. (6)

Proof. Suppose that uj satisfy problem (5). Integrating β
0Iα on both sides of Eq. (5) and

according to Lemma 2, we have
β
0Iα

(
C
0
βDα

(
C
0
γDα + λj

)
uj(t)

)
=
(
C
0
γDα + λj

)
uj(t)− c(j)0 .

Consequently,
C
0
γDαuj(t) = β

0Iαhj(t)− λjuj(t) + c
(j)
0 . (7)

Continuing to taking integral γ0Iα on both sides of Eq. (7), we find that

uj(t) = γ+β
0 Iαhj(t)− λjγ0Iαuj(t) +

tαγ

αγΓ(γ+1)
c
(j)
0 + c

(j)
1 . (8)

From the condition u1(0) = u2(0) = 0 we get c(j)1 = 0. Further, using boundary
conditions u1(π) = u2(π) and C

0
γDαu1(0) + C

0
γDαu2(0) = 0, we obtain

c
(j)
0 =

(−1)jαγΓ(γ+1)

2παγ

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
h1(s)− h2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

By plugging the values of c(j)0 into (8), we get (6). Further, the inverse of this lemma can
be obtained by direct calculation.
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3 The single-valued problem

In this section, we will obtain the main results of problem (3) on a circular graph. Firstly,
we consider the Banach spacesMj={uj : uj ∈C[0, π]} with ‖uj‖Mj

= supt∈[0,π] |uj(t)|
for j = 1, 2. Then the product space M = (M1,M2) equipped with the norm ‖u‖M =
‖u1‖M1

+ ‖u2‖M2
is a Banach space.

Here by considering Lemma 3, define A on M by

A (u1, u2)(t) :=
(
(A1u1)(t), (A2u2)(t)

)
,

where Aj : Mj →Mj (j = 1, 2),

Ajuj(t)

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
gj
(
s, uj(s)

) ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
g1
(
s, u1(s)

)
−g2

(
s, u2(s)

)) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

3.1 Existence

Lemma 4. (See [23].) LetM be a Banach space, and let A be a completely continuous
mapping on M. Then {x ∈ M: x = λA x, λ ∈ (0, 1)} is unbounded, or there exists
a fixed point of A inM.

Theorem 1. Assume that

(H1) the functions gj : [0, π] × R → R (j = 1, 2) are continuous, and there exist
positive functions pj(t), qj(t) ∈ L1[0, π] (j = 1, 2) such that∣∣gj(t, uj(t))∣∣ 6 pj(t) + qj(t)

∣∣uj(t)∣∣
for all t ∈ [0, π], uj ∈ R.

If

δ∗ = P (q∗1 + q∗2) +N(λ1 + λ2) < 1,

where

P =
2

Γ(γ + β + 1)

(
1

α

)β+γ
πα(β+γ), N =

2

Γ(γ+1)

(
1

α

)γ
παγ , (9)
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and
p∗j = ‖pj‖L1 , q∗j = ‖qj‖L1 .

Then on the circular graph, problem (3) has at least one solution.

Proof. We first verify that A is completely continuous. Continuity of gj (j = 1, 2)
implies that A :M → M is continuous. Let Θ be a bounded subset of Mj , and let
Θ = {uj ∈Mj : ‖uj‖Mj 6 εj}. Then, for any u = (u1, u2) ∈ Θ, we find that∣∣Ajuj(t)

∣∣
6

1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1∣∣gj(s, uj(s))∣∣ ds

s1−α

+
λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1∣∣uj(s)∣∣ ds

s1−α

+
1

2

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣g1(s, u1(s)
)∣∣+

∣∣g2(s, u2(s)
)∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]

6
1

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

(
p∗j + q∗j‖uj‖Mj

)
+

λj
Γ(γ+1)

(
1

α

)γ
παγ‖uj‖Mj

+
1

2Γ(β + γ + 1)

(
1

α

)β+γ
πα(β+γ)

2∑
i=1

(
p∗i + q∗i ‖ui‖Mi

)
+

1

2Γ(γ+1)

(
1

α

)γ
παγ

2∑
i=1

λi‖ui‖Mi
.

Thus,

‖A u‖M =

2∑
j=1

‖Ajuj‖Mj

6
2

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
j=1

(p∗j + q∗j‖uj‖Mj )

+
2

Γ(γ+1)

(
1

α

)γ
παγ

2∑
j=1

λj‖uj‖Mj

= P (p∗1 + p∗2) +
(
P (q∗1 + q∗2) +N(λ1 + λ2)

) 2∑
j=1

εj .
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From this we deduced that the operator A is uniformly bounded. In order to prove the
equicontinuity of the operator A , let u = (u1, u2) ∈ Θ, t1, t2 ∈ [0, π] and t1 < t2. Then∣∣(Ajuj)(t2)− (Ajuj)(t1)

∣∣
6

1

Γ(β + γ)

t1∫
0

((
tα2 − sα

α

)β+γ−1
−
(
tα1 − sα

α

)β+γ−1)∣∣gj(s, uj(s))∣∣ ds

s1−α

+
1

Γ(β + γ)

t2∫
t1

(
tα2 − sα

α

)β+γ−1∣∣gj(s, uj(s))∣∣ ds

s1−α

+
λj

Γ(γ)

t1∫
0

((
tα2 − sα

α

)γ−1
−
(
tα1 − sα

α

)γ−1)∣∣uj(s)∣∣ ds

s1−α

+
λj

Γ(γ)

t2∫
t1

(
tα2 − sα

α

)γ−1∣∣uj(s)∣∣ ds

s1−α

+
tαγ2 −t

αγ
1

2παγ

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣g1(s, u1(s)
)∣∣+∣∣g2(s, u2(s)

)∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]

6
1

Γ(β+γ+1)

(
1

α

)β+γ(
t
α(β+γ)
2 − tα(β+γ)1

)(
p∗j + q∗j‖uj‖Mj

)
+

λj
Γ(γ+1)

(
1

α

)γ(
tαγ2 − t

αγ
1

)(
p∗j + q∗j‖uj‖Mj

)
+
tαγ2 −t

αγ
1

2παγ

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣g1(s, u1(s)
)∣∣+∣∣g2(s, u2(s)

)
|
) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]
.

The right-side converges to zero (independently of u ∈ Θ) as t1 → t2. Hence, ‖A u(t2)−
A u(t1)‖M → 0 as t1 → t2. This shows that A is an equicontinuous operator on
M . Applying the Arzelà–Ascoli theorem, we obtain that A is completely continuous.
Consider a subset of M

Λ =
{

(u1, u2) ∈M : (u1, u2) = µA (u1, u2), µ ∈ (0, 1)
}
.

We prove the boundedness of Λ. Let (u1, u2) ∈ Λ. Then

(u1, u2) = µA (u1, u2),

Nonlinear Anal. Model. Control, 29(5):1026–1050, 2024
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and uj(t) = µAjuj for all t ∈ [0, π] and j = 1, 2. Thus,

∣∣uj(t)∣∣ 6 µ

{
1

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

(
p∗j + q∗j‖uj‖Mj

)
+

λj
Γ(γ+1)

(
1

α

)γ
παγ‖uj‖Mj

+
1

2Γ(β + γ + 1)

(
1

α

)β+γ
πα(β+γ)

2∑
i=1

(
p∗i + q∗i ‖ui‖Mi

)
+

1

2Γ(γ+1)

(
1

α

)γ
παγ

2∑
i=1

λi‖ui‖Mi

}
.

This implies that

‖u‖M =

2∑
j=1

‖uj‖Mj

6
2

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
j=1

(
p∗j + q∗j‖uj‖Mj

)
+

2

Γ(γ+1)

(
1

α

)γ
παγ

2∑
j=1

λj‖uj‖Mj

= P (p∗1 + p∗2) +
(
P (q∗1 + q∗2) +N(λ1 + λ2)

)
‖u‖M .

It follows from δ∗ < 1 that Λ is bounded. By using Lemma 4, we conclude that A
has a fixed point, which is a solution of problem (3).

3.2 Uniqueness

Lemma 5. (See [23].) Suppose that B is a Banach space, M ⊂ B is closed, and
A : M →M is a strict contraction, i.e., |A p−A q| 6 λ|p− q| for some λ ∈ (0, 1) and
all p, q ∈M . Then a unique fixed point p∗ of A exists.

Theorem 2. Suppose that there exist constants ρj > 0 such that

(H2) for all uj , yj ∈ R (j = 1, 2) and t ∈ [0, π],∣∣gj(t, uj)− gj(t, yj)∣∣ 6 ρj |uj − yj |.

Then on each edge of the circular graph, problem (3) has a unique solution if

σ∗ = P (ρ1 + ρ2) +N(λ1 + λ2) < 1.

Proof. Use Banach’s fixed point theorem to transform problem (3) into a fixed point
problem. Then our main goal is to prove that operator A has a fixed point, where operator
A : M →M .
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Firstly, we will prove that A Br ⊂ Br, where Br = {u ∈ M : ‖u‖M 6 r}. Let r >
PQ/(1− σ∗) and maxt∈[0,π] |gj(t, 0)| = Q <∞. By (H2), we have∣∣gj(t, uj(t))∣∣ 6 ∣∣gj(t, uj(t))− gj(t, 0)

∣∣+
∣∣gj(t, 0)

∣∣
6 ρj

∣∣uj(t)∣∣+Q 6 ρj‖uj‖Mj
+Q.

For any uj ∈ Br, we obtain∣∣(Ajuj
)
(t)
∣∣

6
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1∣∣gj(s, uj(s))∣∣ ds

s1−α

+
λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1∣∣uj(s)∣∣ ds

s1−α

+
1

2

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣g1(s, u1(s)
)∣∣+

∣∣g2(s, u2(s)
)∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]

6
1

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

(
ρj‖uj‖Mj +Q

)
+

λj
Γ(γ+1)

(
1

α

)γ
παγ‖uj‖Mj

+
1

2Γ(β + γ + 1)

(
1

α

)β+γ
πα(β+γ)

2∑
i=1

(
ρi‖ui‖Mi

+Q
)

+
1

2Γ(γ+1)

(
1

α

)γ
παγ

2∑
i=1

λi‖ui‖Mi .

Consequently,

‖A u‖M =

2∑
j=1

‖Ajuj‖Mj

6
2

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
j=1

(ρj‖uj‖Mj +Q)

+
2

Γ(γ+1)

(
1

α

)γ
παγ

2∑
j=1

λj‖uj‖Mj

= P

2∑
j=1

(ρj‖uj‖Mj +Q) +N

2∑
j=1

λj‖uj‖Mj 6 PQ+ σ∗r 6 r,

and thus, A Br ⊂ Br.
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Next, in order to prove that A is a contraction, let u = (u1, u2), y = (y1, y2) ∈ M .
For t ∈ [0, π], we have∣∣(Ajuj)(t)− (Ajyj)(t)

∣∣
6

1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1∣∣gj(s, uj(s))− gj(s, yj(s))∣∣ ds

s1−α

+
λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1∣∣uj(s)− yj(s)∣∣ ds

s1−α

+
1

2

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1 2∑
i=1

(∣∣gi(s, ui(s))− gi(s, yi(s))∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)− y2(s)
∣∣ ds

s1−α

+
λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)− y1(s)
∣∣ ds

s1−α

]

6
1

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)ρj‖uj−yj‖Mj

+
λj

Γ(γ+1)

(
1

α

)γ
παγ‖uj − yj‖Mj

+
1

2Γ(β + γ + 1)

(
1

α

)β+γ
πα(β+γ)

2∑
i=1

ρi‖ui − yi‖Mi

+
1

2Γ(γ+1)

(
1

α

)γ
παγ

2∑
i=1

λi‖ui − yi‖Mi .

Hence,

‖A u−A y‖M =

2∑
j=1

‖Ajuj −Ajyj‖Mj

6
2

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
j=1

ρj‖uj − yj‖Mj

+
2

Γ(γ+1)

(
1

α

)γ
παγ

2∑
j=1

λj‖uj − yj‖Mj

6 P (ρ1 + ρ2)

2∑
j=1

‖uj − yj‖Mj
+N(λ1 + λ2)

2∑
j=1

‖uj − yj‖Mj

=
(
P (ρ1 + ρ2) +N(λ1 + λ2)

)
‖u− y‖M .
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A is a contraction due to σ∗ < 1. According to Lemma 5, we concluded that operator A
has a unique fixed point, which is the unique solution of problem (3).

4 The multivalued problem

For a normed space (D, ‖·‖), one can define:

• Pcl(D) = {Y ∈ P(D): Y is closed},
• Pcp(D) = {Y ∈ P(D): Y is compact},
• Pcp,c(D) = {Y ∈ P(D): Y is compact and convex},
• Pcl,b(D) = {Y ∈ P(D): Y is closed and bounded}.

For each uj ∈Mj (j = 1, 2), define the set of a selection of Fj by

SFj ,uj
=
{
νj ∈ L1

(
[0, π],R

)
: νj(t) ∈ Fj

(
t, uj(t)

)
on [0, π]

}
.

Definition 3. If there exist functions νj ∈ L1([0, π],R) with νj(t) ∈ Fj(t, uj(t)) for
almost every t ∈ [0, π] and j = 1, 2 such that uj satisfy the differential equations
C
0
βDα(C0

γDα + λj)uj(t) = νj(t) on [0, π] and boundary conditions u1(0) = u2(0) = 0,
u1(π) = u2(π) and C

0
γDαu1(0) + C

0
γDαu2(0) = 0, then the continuous function u is

a solution of problem (4).

We define Gr(G) = {(p, q) ∈ P × Q, q ∈ G(p)} as a graph of G and review two
important lemmas.

Lemma 6. (See [8].) IfG : P → Pcl(Q) is u.s.c., thenGr(G) is a closed subset of P×Q,
i.e., for every sequence {pn}n∈N ⊂ P and {qn}n∈N ⊂ Q, if when n → ∞, pn → p∗,
qn → q∗ and qn ∈ G(pn), then q∗ ∈ G(p∗). Inversely, if G is completely continuous and
has a closed graph, then it is upper semicontinuous.

Lemma 7. (See [21].) Suppose there exists a linear continuous mapping B from
L1([0, π],R) to C([0, π],R) and an L1-Carathéodory multivalued map F : [0, π]×R→
Pcp,c(R). Then

B ◦ SF : C
(
[0, π],R

)
→ Pcp,c

(
C
(
[0, π],R

))
,

u 7→ (B ◦ SF)(u) = B(SF,u)

is said to be a closed graph operator in C([0, π],R)× C([0, π],R).

Remark 1. (See [21].) A multivalued map F : [0, π] × R → Pcp,c(R) is said to be L1-
Carathéodory if:

(i) for each u ∈ R, t 7→ F(t, u) is measurable;
(ii) for almost all t ∈ [0, π], u 7→ F(t, u) is upper semicontinuous;

(iii) there exists ϕβ ∈ L1([0, π],R+) such that

‖F(t, u)‖ = sup{|ω|: ω ∈ F(t, u)} 6 ϕβ(t)

for each β > 0, u ∈ R with ‖u‖ 6 β and any t ∈ [0, π].
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4.1 The Carathéodory case

For the case where the multivalued map has convex values, we establish an existence
result by the following lemma.

Lemma 8. (See [11].) Assume that B is a Banach space, Q is a closed convex subset
of B, and let W be an open subset of Q and 0 ∈ W . If F : W → Pcp(Q) is an upper
semicontinuous compact map, then either

(i) F has a fixed point in W or
(ii) there a x ∈ ∂W and ε ∈ (0, 1) with x ∈ εF(x).

Theorem 3. Suppose that:

(G1) Fj : [0, π]× R→ Pcp,c(R) are L1-Carathéodory;
(G2) for each (t, uj) ∈ [0, π]× R,Hj ∈ L1([0, π],R+),∥∥Fj(t, uj(t))∥∥P := sup

{
|νj |: νj ∈ Fj

(
t, uj(t)

)}
6 Hj(t)φj

(
‖u‖M

)
,

where φj are continuous nondecreasing functions: R+ → R+;
(G3) there exists a constant L > 0 such that

P

2∑
j=1

H∗jφj(L ) +NC (λ1 + λ2) < L ,

where P and N are defined by (9), andH∗j = ‖Hj‖L1 .

Then, for all j = 1, 2, the multivalued problem (4) has at least one solution on the circular
graph.

Proof. We define an operator T : M → P(M), where Tj : Mj → P(Mj),

Tj(uj) =

{
hj ∈Mj : hj(t) =

1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
νj(s)

ds

s1−α

− λj
Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ν1(s)− ν2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α

− λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]}

for t ∈ [0, π] and νj ∈ SFj ,uj . Obviously, the fixed point of T is a solution of problem (4).
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We split the proof into the following steps.

Step 1. For each uj ∈Mj , Tj(uj) are convex.
Since SFj ,uj are convex, this step is obvious, and we omit the proof.

Step 2. T maps bounded sets to bounded sets in M .
Let Br := {u = (u1, u2) ∈ M = (M1,M2): ‖u‖M 6 r}, r > 0. Then, for each

hj ∈ Tj(uj), uj ∈ Br, there exist νj ∈ SFj ,uj
such that

hj(t) =
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
νj(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ν1(s)− ν2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

Further, for t ∈ [0, π], we have∣∣hj(t)∣∣
6

1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1∣∣νj(s)∣∣ ds

s1−α
+

λj
Γ(γ)

t∫
0

(
tα−sα

α

)γ−1∣∣uj(s)∣∣ ds

s1−α

+
1

2

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣ν1(s)
∣∣+
∣∣ν2(s)

∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]

6
1

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)H∗jφj(r) +

λj
Γ(γ+1)

(
1

α

)γ
παγ‖uj‖Mj

+
1

2Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
i=1

H∗i φi(r) +
1

2Γ(γ+1)

(
1

α

)γ
παγ

2∑
i=1

λi‖ui‖Mi
.

Hence,

‖h‖M 6
2

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
j=1

H∗jφj(r)

+
2

Γ(γ+1)

(
1

α

)γ
παγ

2∑
j=1

λj‖uj‖Mj
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6 P

2∑
j=1

H∗jφj(r) +N

2∑
j=1

λj

2∑
j=1

‖uj‖Mj

= P

2∑
j=1

H∗jφj(r) +N(λ1 + λ2)r.

Step 3. A bounded sets is mapped by T to an equicontinuous sets of M .
Let t1, t2 ∈ [0, π], t1 < t2 and u ∈ Br. Then, for any hj ∈ Tj(uj), we have∣∣hj(t2)− hj(t1)

∣∣
6

1

Γ(β + γ)

t1∫
0

((
tα2 − sα

α

)β+γ−1
−
(
tα1 − sα

α

)β+γ−1)∣∣νj(s)∣∣ ds

s1−α

+
1

Γ(β + γ)

t2∫
t1

(
tα2 − sα

α

)β+γ−1∣∣νj(s)∣∣ ds

s1−α

+
λj

Γ(γ)

t1∫
0

((
tα2 − sα

α

)γ−1
−
(
tα1 − sα

α

)γ−1)∣∣uj(s)∣∣ ds

s1−α

+
λj

Γ(γ)

t2∫
t1

(
tα2 − sα

α

)γ−1∣∣uj(s)∣∣ ds

s1−α

+
tαγ2 − t

αγ
1

2παγ

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣ν1(s)
∣∣+
∣∣ν2(s)

∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]

6
1

Γ(β+γ+1)

(
1

α

)β+γ(
t
α(β+γ)
2 − tα(β+γ)1

)
H∗jφj(r)

+
λj

Γ(γ+1)

(
1

α

)γ(
tαγ2 − t

αγ
1

)
H∗jφj(r)

+
tαγ2 − t

αγ
1

2παγ

[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(∣∣ν1(s)
∣∣+
∣∣ν2(s)

∣∣) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u2(s)
∣∣ ds

s1−α
+

λ1
Γ(γ)

π∫
0

(
πα−sα

α

)γ−1∣∣u1(s)
∣∣ ds

s1−α

]
.

Therefore, |hj(t2)−hj(t1)| → 0 as t1 → t2, independently of u ∈ Br. By the application
of the Arzelà–Ascoli theorem, T : M → P(M) is completely continuous.
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Next, we prove that T has a closed graph, which means that T is an upper semicon-
tinuous multivalued map by Lemma 6.

Step 4. T has a closed graph.
Let ujn → uj∗ , hjn ∈ Tj(ujn) and hjn → hj∗ . Then we need to show that hj∗∈

Tj(uj∗). Since hjn ∈ Tj(ujn), there exist ωjn ∈ SFj ,ujn
such that, for each t ∈ [0, π],

hjn(t)

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ωjn(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ω1n(s)− ω2n(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

Thus, we need to prove that there exist ωj∗ ∈ SFj ,uj∗
such that, for each t ∈ [0, π],

hj∗(t)

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ωj∗(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ω1∗(s)− ω2∗(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

Define the linear operator Ω : L1([0, π],R)→M as follows:

νj → Ω(νj)(t)

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
νj(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ν1(s)− ν2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.
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Observe that ‖hjn − hj∗‖Mj
→ 0 as n → ∞. Hence, by Lemma 7 we get that Ω ◦ SFj

is a closed graph operator. Further, we get hjn(t) ∈ Ω(SFj ,ujn
). Since ujn → uj∗ , we

have

hj∗(t) =
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ωj∗(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ω1∗(s)− ω2∗(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]

for some ωj∗ ∈ SFj ,uj∗
.

Step 5. We show that there exists an open set D ⊆ M such that, for all u ∈ ∂D
and any ε ∈ (0, 1), u /∈ εT (u). Let uj ∈ εTj(uj) and ε ∈ (0, 1). Then there exists
νj ∈ L1([0, π],R), where νj ∈ SFj ,uj such that, for t ∈ [0, π],

uj(t) = ε

{
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
νj(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ν1(s)− ν2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]}
.

Then, similar to the second step, we get

P

2∑
j=1

H∗jφj
(
‖u‖M

)
+N

2∑
j=1

λj‖u‖M > ‖u‖M .

By (G3), there exists L such that ‖u‖M 6= L . Set

D =
{
u ∈M : ‖u‖M < L

}
.

Note that the operator T : D → P(M) is a multivalued map that is upper semicontin-
uous, compact and contains convex closed values. By definition of D , there is no u ∈ ∂D
such that u ∈ εT (u) for some ε ∈ (0, 1). Therefore, through Lemma 8, we can get that
T has a fixed point u ∈ D , which satisfies multivalued problem (4).
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4.2 The Lipschitz case

Our next existence result is that Fj are nonconvex, we will use Covitz–Nadler fixed point
theorem to solve this problem.

Lemma 9. (See [7].) Let (B, d) be a complete metric space. If A :B → Pcl(B) is
a contraction, then FixA 6= ∅.

Theorem 4. Suppose that:

(S1) Fj : [0, π]×R→ Pcp(R) such that Fj(·, uj) : [0, π]→ Pcp(R) are measurable
for each uj ∈ R;

(S2) there exist positive functions mj ∈ L1[0, π] such that

Hd

(
Fj(t, uj), Fj(t, ûj)

)
6 mj(t)|uj − ûj |

for almost all t ∈ [0, π] with d(0, Fj(t, 0)) 6 mj(t), uj , ûj ∈ R.

Then, for all j = 1, 2, problem (4) has at least one solution on the circular graph if

θ∗ := P (m∗1 +m∗2) < 1,

where P is given by (9), and m∗j = ‖mj‖L1 .

Proof. For each uj ∈ Mj , by assumption (S1), the sets SFj ,uj
are nonempty. According

to [7, Thm. III.6], Fj have a measurable selection. Now we will show that T (u) ∈ Pcl(M)
for each u ∈ M . Let {zjn}n>0 ∈ Tj(uj) such that zjn → zj(n → ∞) in Mj . Then we
have zj ∈Mj , and there exist ϑjn ∈ SFj ,ujn

such that, for each t ∈ [0, π],

ujn(t) =
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ϑjn(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ϑ1n(s)− ϑ2n(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

ϑjn converge to ϑj in L1([0, π],R) because Fj have compact values. Hence, ϑj ∈ SFj ,uj
,

and for each t ∈ [0, π], we have

zjn(t)→ zj(t)

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ϑj(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α
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+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ϑ1(s)− ϑ2(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

Consequently, zj ∈ Tj(uj).
In the next step, we prove that, for each u, û ∈M ,

Hd

(
T (u), T (û)

)
6 θ∗‖u− û‖M , θ∗ < 1.

Let u, û ∈ M and hj1 ∈ Tj(uj). Then there exist ϑj1(t) ∈ Fj(t, uj(t)) such that, for
each t ∈ [0, π],

hj1(t) =
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ϑj1(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ϑ11(s)− ϑ21(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

Using (S2), we obtain

Hd

(
Fj(t, uj), Fj(t, ûj)

)
6 mj(t)

∣∣uj(t)− ûj(t)∣∣.
Hence, there exist wj ∈ Fj(t, ûj(t)) such that∣∣ϑj1(t)− wj(t)

∣∣ 6 mj(t)
∣∣uj(t)− ûj(t)∣∣, t ∈ [0, π].

Define Q : [0, π]→ P(R) by

Q(t) =
{
wj ∈ R:

∣∣ϑj1(t)− wj(t)
∣∣ 6 mj(t)

∣∣uj(t)− ûj(t)∣∣}.
The multivalued operatorsQ(t)∩Fj(t, ûj(t)) are measurable according to [5, Prop. III.4].
Thus, there exist functions ϑj2(t), which are measurable selections for Q. So ϑj2(t) ∈
Fj(t, ûj(t)), and for each t ∈ [0, π], |ϑj1(t)− ϑj2(t)| 6 mj(t)|uj(t)− ûj(t)|.
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Let us define

hj2(t) =
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1
ϑj2(s)

ds

s1−α
− λj

Γ(γ)

t∫
0

(
tα−sα

α

)γ−1
uj(s)

ds

s1−α

+
(−1)j

2

(
t

π

)αγ[
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1(
ϑ12(s)− ϑ22(s)

) ds

s1−α

+
λ2

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u2(s)

ds

s1−α
− λ1

Γ(γ)

π∫
0

(
πα−sα

α

)γ−1
u1(s)

ds

s1−α

]
.

Thus,∣∣hj1(t)− hj2(t)
∣∣

=
1

Γ(γ+β)

t∫
0

(
tα−sα

α

)γ+β−1∣∣ϑj1(s)− ϑj2(s)
∣∣ ds

s1−α

+
(−1)j

2

(
t

π

)αγ
1

Γ(γ+β)

π∫
0

(
πα−sα

α

)γ+β−1 2∑
i=1

∣∣ϑi1(s)− ϑi2(s)
∣∣ ds

s1−α

6
1

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)m∗j‖uj − ûj‖Mj

+
1

2Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
i=1

m∗i ‖ui − ûi‖Mi .

Hence,

‖h1 − h2‖M =

2∑
j=1

‖hj1 − hj2‖Mj

6
2

Γ(β+γ+1)

(
1

α

)β+γ
πα(β+γ)

2∑
j=1

m∗j‖uj − ûj‖Mj

6 P (m∗1 +m∗2)‖u− û‖M .

Swapping the roles of u and û, we get

Hd

(
T (u), T (û)

)
6 P (m∗1 +m∗2)‖u− û‖M .

Therefore, T is a contraction. T has a fixed point u by Lemma 9, which satisfies prob-
lem (4).
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5 Some examples

Several examples are provided in this section to verify the theoretical results.

Example 1. Consider the following fractional conformable Langevin differential system:

C
0

1
4D 1

3

(
C
0

1
5D 1

3 +
1

20

)
u1(t) = g1

(
t, u1(t)

)
,

C
0

1
4D 1

3

(
C
0

1
5D 1

3 +
1

30

)
u2(t) = g2

(
t, u2(t)

) (10)

with boundary value conditions

C
0

1
5D 1

3u1(0) = C
0

1
5D 1

3u2(0) = 0,

u1(π) = u2(π), u1(0) + u2(0) = 0,
(11)

where α = 1/3, β = 1/4, γ = 1/5, λ1 = 1/20, λ2 = 1/30, and we can compute that
P ≈ 4.3956, N ≈ 2.9286. Define continuous functions g1, g2: [0, π]× R→ R by

g1
(
t, u1(t)

)
=

t

10
+

sinu1(t)

2(t+ 3)3
,

g2
(
t, u2(t)

)
= sin t+

u2(t)

3(t+ 2)2
.

(12)

Let u1, u2 ∈ R, it is clear that∣∣g1(t, u1(t)
)∣∣ 6 t

10
+

1

2(t+ 3)3
∣∣u1(t)

∣∣,∣∣g2(t, u2(t)
)∣∣ 6 sin t+

1

3(t+ 2)2
∣∣u2(t)

∣∣
in which q1(t) = 1/(2(t + 3)3), q2(t) = 1/(3(t + 2)2). Hence, q∗1 = 1/54, q∗2 = 1/12.
Further, we get

δ∗ = P (q∗1 + q∗2) +N(λ1 + λ2) ≈ 0.6918 < 1.

Using Theorem 1, we can conclude that the fractional conformable Langevin differential
system (10)–(12) has a solution.

Example 2. Consider the following fractional conformable Langevin differential system:

C
0

1
4D 1

3

(
C
0

1
5D 1

3 +
1

40

)
u1(t) = g1

(
t, u1(t)

)
,

C
0

1
4D 1

3

(
C
0

1
5D 1

3 +
1

30

)
u2(t) = g2

(
t, u2(t)

) (13)

with boundary value conditions

C
0

1
5D 1

3u1(0) = C
0

1
5D 1

3u2(0) = 0,

u1(π) = u2(π), u1(0) + u2(0) = 0,
(14)
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where α = 1/3, β = 1/4, γ = 1/5, λ1 = 1/40, λ2 = 1/30, and we can compute that
P ≈ 4.3956, N ≈ 2.9286. Define continuous functions g1, g2: [0, π]× R→ R by

g1
(
t, u1(t)

)
=

1√
t

+
|u1(t)|

50 + |u1(t)|
e−|t+1| +

1

3
,

g2
(
t, u2(t)

)
=

1

5
t3 +

3|u2(t)|
100 + |u2(t)|

e−|3t−1|.

(15)

For uj , yj ∈ R(j = 1, 2), we estimate

∣∣g1(t, u1(t)
)
− g1

(
t, y1(t)

)∣∣ 6 ∣∣∣∣( |u1(t)|
50 + |u1(t)|

− |y1(t)|
50 + |y1(t)|

)
e−|t+1|

∣∣∣∣
6

1

50

∣∣u1(t)− y1(t)
∣∣,∣∣g2(t, u2(t)

)
− g2

(
t, y2(t)

)∣∣ 6 ∣∣∣∣( 3|u2(t)|
100 + |u2(t)|

− 3|y2(t)|
100 + |y2(t)|

)
e−|3t−1|

∣∣∣∣
6

3

100

∣∣u2(t)− y2(t)
∣∣.

Hence, ρ1 = 1/50, ρ2 = 3/100. Therefore, we see that

σ∗ = P (ρ1 + ρ2) +N(λ1 + λ2) ≈ 0.2856 < 1.

By utilizing Theorem 2, we deduce that the fractional conformable Langevin differential
system (13)–(15) has a unique solution.

Example 3. Assume that (10) is replaced by

C
0

1
4D 1

3

(
C
0

1
5D 1

3 +
1

20

)
u1(t) ∈ F1

(
t, u1(t)

)
,

C
0

1
4D 1

3

(
C
0

1
5D 1

3 +
1

30

)
u2(t) ∈ F2

(
t, u2(t)

)
,

(16)

where

F1

(
t, u1(t)

)
=

[
0,

sinu1(t)

5(1 + 2t)
+

3

4

]
,

F2

(
t, u2(t)

)
=

[
0,

1

3t+ 1

(
sinu2(t)

9(sinu2(t) + 1)
+

1

8

)]
.

Observe that Fj(t, uj(t)) (j = 1, 2) are measurable sets. On the other hand,

Hd

(
F1

(
t, u1(t)

)
, F1

(
t, û1(t)

))
6

1

5(1 + 2t)

∣∣u1(t)− û1(t)
∣∣,

Hd

(
F2

(
t, u2(t)

)
, F2

(
t, û2(t)

))
6

1

9(3t+ 1)

∣∣u2(t)− û2(t)
∣∣,
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where mj(t) (j = 1, 2) are defined by m1(t) = 1/(5(1 + 2t)), m2(t) = 1/(9(3t + 1)).
Therefore, m∗1 = 1/5, m∗2 = 1/9. Since

θ∗ = P (m∗1 +m∗2) ≈ 0.6837 < 1,

according to Theorem 4, we obtain that under the boundary conditions (11), the Langevin
fractional differential inclusion (16) has at least one solution on [0, π].

6 Conclusion

In this paper, we mainly study a class of coupled fractional conformable Langevin differ-
ential and inclusion system on the circular graph. We obtain the existence and uniqueness
of the solution for single-valued problems and the existence of the solution for multivalued
problems by using fixed point theorems. So far, although some scholars have studied the
fractional differential equation on the graph, the coupled fractional conformable Langevin
differential and inclusion system on the circular graph is studied for the first time. There
are still some topics worthy of our further research. For example, one can study the sta-
bility of fractional differential and inclusion systems on different graphs and their specific
applications in chemical theory. In the future, we will consider numerical calculation and
simulation of fractional differential and inclusion systems on graphs.
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