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Abstract. In this paper, we study the existence of positive solutions to a Hadamard-type fractional
integral boundary value problem using fixed point index. We construct a new linear operator and
obtain our main results under some conditions concerning the spectral radius of this linear operator.
Our method improves and generalizes some results in the literature.
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1 Introduction

In this work, we study the existence of positive solutions to the Hadamard-type fractional
p-Laplacian integral boundary value problem

Dα
(
ϕp
(
Dβχ(t)

))
= f

(
t, χ(t)

)
, t ∈ (1, e),

Dβχ(1) = Dβχ(e) = 0, χ(1) = δχ(1) = 0, δχ(e) =

e∫
1

η(t)g
(
t, χ(t)

)dt

t
,

(1)
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where Dα, Dβ are the Hadamard-type fractional derivatives with α ∈ (1, 2], β ∈ (2, 3],
δχ(t) = tdχ/dt, and ϕp(s) = |s|p−2s is the p-Laplacian, p > 1, s ∈ R. The functions
f , g, η satisfy:

(H1) f, g ∈ C([1, e]× R+,R+),
(H2) η is a nonnegative continuous function on [1, e] with η(t) 6≡ 0, t ∈ [1, e].

Fractional calculus and fractional boundary value problems arise in physical me-
chanics, anomalous diffusion, automatic control, biomedicine, etc.; we refer the reader
to [1–6, 8, 10–16, 18, 20–35] and the references therein. For example, in [26] the author
studied the following model in the fractional sense of the system for HIV-1 population
dynamics:

Dα
t u(t) + λf

(
t, u(t), Dβ

t u(t), v(t)
)

= 0, 0 < t < 1,

Dγ
t v(t) + λg

(
t, u(t)

)
= 0, 0 < t < 1,

Dβ
t u(0) = Dβ+1

t u(0) = 0, Dβ
t u(1) =

1∫
0

Dβ
t u(s) dA(s),

v(0) = v′(0) = 0, v(1) =

1∫
0

v(s) dB(s),

where 2 < α, γ 6 3, 0 < β < 1, u denotes the number of uninfected CD4+T cells, and v
denotes the number of infected cells,Dα

t ,Dβ
t ,Dγ

t are the Riemann–Liouville derivatives.
In [1], the author studied the Riemann–Stieltjes integral boundary value problem of

the Hadamard-type fractional differential equation

Dαξ(ς) = Ω
(
ς, ξ(ς), Dαξ(ς)

)
, ς ∈ [1, T ], T <∞,

ξ(1) = 0,

T∫
1

ξ(s) dA(s) =
µ

Γ(β)

η∫
1

(
log

η

s

)β−1

ξ(s)
ds

s
= µIβξ(η), 1 < η < T,

where Dα is the Hadamard fractional derivative, Iβ is the Hadamard fractional integral
with α ∈ (1, 2], β ∈ (1, 1), Ω : [1, T ] × R → R is continuous and satisfies a Lipschitz
condition. Using Schauder’s fixed point theorem and Banach’s contraction principle, the
author obtained the existence and uniqueness of nontrivial solutions. In [32], the author in-
vestigated the eigenvalue problem of the Hadamard-type fractional differential equations
with a p-Laplacian

Dβ
(
ϕp
(
Dαx(t)

))
= −λa(t)f

(
x(t)

)
, α ∈ (3, 4], β ∈ (2, 3], t ∈ [1, e],

x(1) = δx(1) = x(e) = δx(e) = 0,

ϕp
(
Dαx(1)

)
= δϕp

(
Dαx(1)

)
= 0, ϕp

(
Dαx(e)

)
= ηϕp

(
Dαx(ξ)

)
,

and using the Guo–Krasnosel’skii fixed point theorem on cones, the author obtained some
existence and nonexistence results for positive solutions under some (p − 1)-superlinear
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and (p − 1)-sublinear conditions. In [4], the authors used the five functional fixed point
theorem to discuss multiple positive solutions for the p-Laplacian Hadamard fractional
differential equation with multipoint boundary conditions

Dr
(
ϕp
(
Dγv(t)

))
= f

(
t, v(t), Dγ−1v(t)

)
, 2 < r, γ 6 3, t ∈ (1, e),

v(1) = v′(1) = Dγv(1) =
(
ϕp
(
Dγv(1)

))′
= 0,

Dr−1ϕp
(
Dγv(e)

)
=

m−2∑
i=1

aiϕp
(
Dγv(σi)

)
, Dγ−1v(e) =

n−2∑
i=1

biv(ρi).

Note that the spectral theory of linear operators can be used to study differential equa-
tions, and in [29], the authors studied positive solutions to the Hadamard-type fractional
integral boundary value problem

Dµχ(t) + f
(
t, χ(t)

)
= 0, t ∈ (a, b),

χ(a) = χ′(a) = 0, χ(b) =

b∫
a

h(t)χ(t)
dt

t
,

where f ∈ C([a, b]× R+,R+) satisfies the conditions

(HZ1) lim infχ→0+ f(t, χ)/χ > λ1, lim supχ→+∞ f(t, χ)/χ < λ1 uniformly on
t ∈ [a, b],

(HZ2) lim supχ→0+ f(t, χ)/χ < λ1, lim infχ→+∞ f(t, χ)/χ > λ1 uniformly on
t ∈ [a, b],

where λ1 is the first eigenvalue of the operator

(LZ1χ)(t) =

b∫
a

G(t, s)χ(s)
ds

s
,

and G is the Green’s function.
Motivated by the aforementioned works, in this paper, we use the fixed point index

and the Leggett–Williams fixed point theorem to study the existence and multiplicity
of positive solutions for (1). We first obtain two existence theorems when f , g grow
superlinearly and sublinearly under some conditions concerning the spectral radius of
a related linear operator. Then, when f , g satisfy some bounded conditions, we obtain
a theorem concerning the multiplicity. We note here that our considered linear operator is
totally different from LZ1 (see (10) in the following section). Finally, some examples are
provided to verify our main results.

2 Preliminaries

In this section, we give the definition of the Hadamard-type fractional derivative; for more
details, we refer the reader to [29–32].
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Definition 1. The Hadamard derivative of fractional order q for a function g : [1,∞)→ R
is defined as

Dqg(t) =
1

Γ(n− q)

(
t

d

dt

)n t∫
1

(ln t− ln s)n−q−1g(s)
ds

s
, n− 1 < q < n,

where n = [q] + 1, [q] denotes the integer part of the real number q, and ln(·) = loge(·).

Now, we calculate the Green’s function associated with (1). Letϕp(Dβχ(t)) = −ω(t),
t ∈ [1, e]. Then from (1) we have

−Dαω(t) = f
(
t, χ(t)

)
, t ∈ (1, e),

ω(1) = ω(e) = 0,
(2)

and we can obtain the following lemma.

Lemma 1. (See [13]). (2) is equivalent to the Hammerstein integral equation

ω(t) =

e∫
1

Gα(t, s)f
(
s, χ(s)

)ds

s
,

where

Gα(t, s) =
1

Γ(α)

{
(ln t)α−1(1− ln s)α−1 − (ln t− ln s)α−1, 1 6 s 6 t 6 e,

(ln t)α−1(1− ln s)α−1, 1 6 t 6 s 6 e.

By Lemma 1 and (1) we obtain the following boundary value problem:

−Dβχ(t) = ϕq

( e∫
1

Gα(t, s)f
(
s, χ(s)

)ds

s

)
, t ∈ (1, e),

χ(1) = δχ(1) = 0, δχ(e) =

e∫
1

η(t)g
(
t, χ(t)

)dt

t
,

(3)

where q is the conjugate number of p, i.e., 1/p+ 1/q = 1.

Lemma 2. (3) is equivalent to the following integral equation:

χ(t) =

e∫
1

Gβ(t, s)ϕq

( e∫
1

Gα(s, τ)f
(
τ, χ(τ)

)dτ

τ

)
ds

s
+

(ln t)β−1

β − 1

e∫
1

η(t)g
(
t, χ(t)

)dt

t
,

where

Gβ(t, s) =
1

Γ(β)

{
(ln t)β−1(1− ln s)β−2 − (ln t− ln s)β−1, 1 6 s 6 t 6 e,

(ln t)β−1(1− ln s)β−2, 1 6 t 6 s 6 e.
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Proof. We first consider the boundary value problem

−Dβχ(t) = ϕq

( e∫
1

Gα(t, s)f
(
s, χ(s)

)ds

s

)
, t ∈ (1, e),

χ(1) = δχ(1) = δχ(e) = 0.

(4)

From the methods in [31] we obtain

χ(t) = c1(ln t)β−1+ c2(ln t)β−2+ c3(ln t)β−3− 1

Γ(β)

t∫
1

(ln t−ln s)β−1ϕq
(
ω(s)

)ds

s
,

where ci ∈ R, i = 1, 2, 3. Note that χ(1) = δχ(1) = 0, and we have c2 = c3 = 0.
Moreover, δχ(e) = 0 implies that

χ(e) = c1(β − 1)− β − 1

Γ(β)

e∫
1

(1−ln s)β−2ϕq

( e∫
1

Gα(s, τ)f
(
τ, χ(τ)

)dτ

τ

)
ds

s
= 0,

and then

χ(t)

=
1

Γ(β)

e∫
1

(ln t)β−1(1−ln s)β−2ϕq
(
ω(s)

)ds

s
− 1

Γ(β)

t∫
1

(ln t− ln s)β−1ϕq
(
ω(s)

)ds

s

=

e∫
1

Gβ(t, s)ϕq
(
ω(s)

)ds

s
. (5)

Next, we study the boundary value problem

−Dβχ(t) = 0, t ∈ (1, e),

χ(1) = δχ(1) = 0, δχ(e) =

e∫
1

η(t)g
(
t, χ(t)

)dt

t
.

(6)

From (6) we have

χ(t) = c̃1(ln t)β−1 + c̃2(ln t)β−2 + c̃3(ln t)β−3,

where c̃i ∈ R, i = 1, 2, 3. Similarly, we have c̃2 = c̃3 = 0. Consequently, we obtain

δχ(e) = c̃1(β − 1) =

e∫
1

η(t)g
(
t, χ(t)

)dt

t
,

χ(t) =
(ln t)β−1

β − 1

e∫
1

η(t)g
(
t, χ(t)

)dt

t
. (7)

Combining (4)–(7), we obtain the conclusion of this lemma. This completes the proof.

Nonlinear Anal. Model. Control, 29(4):693–719, 2024
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Remark 1. If we use t, s to replace ln t, ln s, we can find that Gα, Gβ are the Green’s
functions associated with the following two boundary value problems involving Riemann–
Liouville-type fractional derivatives:

−Dα
0+u(t) = %1(t), t ∈ (0, 1), u(0) = u(1) = 0 (8)

and
−Dβ

0+u(t) = %2(t), t ∈ (0, 1), u(0) = u′(0) = u′(1) = 0, (9)

where Dα
0+ , Dβ

0+ are the Riemann–Liouville-type fractional derivatives with α ∈ (1, 2],
β ∈ (2, 3]. Therefore, in this paper, we do not construct new Green’s functions, and we
can study Gα, Gβ from the properties of the Green’s functions for (8)–(9).

Lemma 3. (See [8]). The functions Gα, Gβ have the following properties:

(ii) Gα ∈ C([1, e]× [1, e],R+) and Γ(α)Gα(t, s) 6 1 for t, s ∈ [1, e],
(iii) Gβ ∈ C([1, e]× [1, e],R+) and Γ(β)Gβ(t, s) 6 1 for t, s ∈ [1, e],

(iiii) (ln t)β−1Gβ(e, s) 6 Gβ(t, s) 6 Gβ(e, s) for t, s ∈ [1, e].

Let E = C[1, e] with the norm ‖χ‖ = max16t6e |χ(t)|. Define a cone P by P =
{χ ∈ E: χ(t) > 0, t ∈ [1, e]}. Then E is a Banach space, and P a closed cone on E.
Moreover, E’s conjugate space is E∗ = {z: z has bounded variation on [1, e]}, and P ’s
dual cone P ∗ := {z ∈ E∗: z is nondecreasing on [1, e]}. Let η(t) =

∫ t
1
η(s) ds, t ∈ [1, e].

Then from (H2) we have that η is a nondecreasing continuous function on [1, e]. Note that
we can choose a sufficiently large positive constant Λη such that∣∣η(t)

∣∣ < Λη, t ∈ [1, e].

Hence, we can define a positive continuous function η̃ = η+Λη such that dη̃/dt = η(t),
t∈ [1, e], and η̃∈P ∗. Consequently, from Lemma 2 we can define an operator T :E→E
as follows:

(Tχ)(t)

=

e∫
1

Gβ(t, s)ϕq

( e∫
1

Gα(s, τ)f
(
τ, χ(τ)

)dτ

τ

)
ds

s
+

(ln t)β−1

β − 1

e∫
1

η(t)g
(
t, χ(t)

)dt

t

=

e∫
1

Gβ(t, s)ϕq

( e∫
1

Gα(s, τ)f
(
τ, χ(τ)

)dτ

τ

)
ds

s
+

(ln t)β−1

β − 1

e∫
1

g
(
t, χ(t)

)dη̃(t)

t
,

where t ∈ [1, e]. Moreover, from Lemma 3(ii)–(iii) and (H1)–(H2) we have

T (P ) ⊂ P,

and if there exists χ∗ ∈ P \ {0} such that Tχ∗ = χ∗, then χ∗ is the positive solution
to (1).

https://www.journals.vu.lt/nonlinear-analysis
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Let µ, ν be two positive constants, and consider a linear operator as follows:

(L∗µ,νz)(e
s) = µ

es∫
1

dτ

e∫
1

Gβ,α(t, τ)
dz(t)

t
+ η̃(es)ν

e∫
1

(ln t)β−1 dz(t)

t
, (10)

where z ∈ P ∗, s ∈ [0, 1], and

Gβ,α(t, s) =

e∫
1

Gβ(t, τ)Gα(τ, s)
dτ

τ
, t, s ∈ [1, e].

Note that L∗µ,ν is a positive linear operator, i.e., L∗µ,ν(P ∗) ⊂ P . Next, we shall prove that
the spectral radius of L∗µ,ν , denoted by r(L∗µ,ν), is positive.

Lemma 4. r(L∗µ,ν) > 0.

Proof. Let (L∗νz)(s) = η̃(s)ν
∫ e

1
(ln t)β−1 dz(t)/t, z ∈ P ∗, s ∈ [1, e]. Then for all

n ∈ N+, we find

(
(L∗ν)nz

)
(s) = η̃(s)νn

( e∫
1

η(t)(ln t)β−1 dt

t

)n−1 e∫
1

(ln t)β−1 dz(t)

t
, s ∈ [1, e].

Choose z0 = t/e, t ∈ [1, e], and let η̃m = mins∈[1,e] η̃(s) > 0. Then we have∥∥(L∗ν)n
∥∥ = sup

‖z‖=1

∥∥((L∗ν)nz
)∥∥ >

∥∥((L∗ν)nz0

)∥∥
>
η̃m
e
νn

( e∫
1

η(t)(ln t)β−1 dt

t

)n−1 e∫
1

(ln t)β−1 dt

t
.

Consequently, Gelfand’s theorem implies that

r(L∗ν) = lim inf
n→+∞

n

√∥∥(L∗ν)n
∥∥

> lim inf
n→+∞

n

√√√√√ η̃m
e
νn

( e∫
1

η(t)(ln t)β−1
dt

t

)n−1 e∫
1

(ln t)β−1
dt

t

= ν

e∫
1

η(t)(ln t)β−1 dt

t
> 0.

Therefore, we have r(L∗µ,ν) > r(L∗ν) > 0. This completes the proof.

Therefore, Lemma 4 and the Krein–Rutman theorem [17] imply that there exists
ϑµ,ν ∈ P ∗ \ {0} such that

(L∗µ,νϑµ,ν)
(
es
)

= r(L∗µ,ν)ϑµ,ν
(
es
)
, s ∈ [0, 1]. (11)

Nonlinear Anal. Model. Control, 29(4):693–719, 2024
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Lemma 5. Suppose that (H1)–(H2) hold, and let

P0 =
{
χ ∈ P : χ(t) > (ln t)β−1‖χ‖, t ∈ [1, e]

}
.

Then T (P ) ⊂ P0.

This is a direct result of Lemma 3(iiii), so we omit its proof.

Lemma 6. (See [9]). Suppose Ω ⊂ E is a bounded open set and A : Ω ∩ P → P is
a completely continuous operator. If there exists χ0 ∈ P \ {0} such that χ− Aχ 6= λχ0

for all λ > 0, χ ∈ ∂Ω ∩ P , then i(A, Ω ∩ P, P ) = 0.

Lemma 7. (See [9]). Let Ω ⊂ E be a bounded open set with 0 ∈ Ω. Suppose A :
Ω ∩ P → P is a completely continuous operator. If χ 6= λAχ for all χ ∈ ∂Ω ∩ P ,
0 6 λ 6 1, then i(A,Ω ∩ P, P ) = 1.

Lemma 8. (See [7]). Let θ > 0, n > 1, ai > 0 (i = 1, 2, . . . , n), and ψ ∈ C([a, b],R+).
Then( b∫

a

ψ(t) dt

)θ
6 (b− a)θ−1

b∫
a

(
ψ(t)

)θ
dt and

(
n∑
i=1

ai

)θ
6 nθ−1

n∑
i=1

aθi

for all θ > 1;( b∫
a

ψ(t) dt

)θ
> (b− a)θ−1

b∫
a

(
ψ(t)

)θ
dt and

(
n∑
i=1

ai

)θ
> nθ−1

n∑
i=1

aθi

for all 0 < θ 6 1.

Let E be a real Banach space with a cone P . A map β̃ : P → R+ is said to be a
nonnegative continuous concave functional on P if β̃ is continuous and

β̃
(
tχ+ (1− t)Y

)
> tβ̃(χ) + (1− t)β̃(Y) for all χ,Y ∈ P, t ∈ [0, 1].

Let ã, b̃ be two numbers with 0 < ã < b̃, and β̃ be a nonnegative continuous concave
functional on P . We define the following convex sets:

Pã =
{
χ ∈ P : ‖χ‖ < ã

}
, ∂Pã =

{
χ ∈ P : ‖χ‖ = ã

}
,

P ã =
{
χ ∈ P : ‖χ‖ 6 ã

}
, P (β̃, ã, b̃) = {χ ∈ P : ã 6 β̃(χ), ‖χ‖ 6 b̃

}
.

Lemma 9. (See [19]). Let T : P c̃ → P c̃ be completely continuous, and let β̃ be
a nonnegative continuous concave functional on P such that β̃(χ) 6 ‖χ‖ for χ ∈ P c̃.
Suppose that there exist 0 < d̃ < ã < b̃ 6 c̃ such that

(i) {χ ∈ P (β̃, ã, b̃): β̃(χ) > ã} 6= ∅ and β̃(Tχ) > ã for χ ∈ P (β̃, ã, b̃),
(ii) ‖Tχ‖ < d̃ for ‖χ‖ 6 d̃,

(iii) β̃(Tχ) > ã for χ ∈ P (β̃, ã, c̃) with ‖Tχ‖ > b̃.

Then T has at least three fixed points χ1, χ2, χ3 in P c̃ such that

‖χ1‖ < d̃, ã < β̃(χ2) and ‖χ3‖ > d̃, β̃(χ3) < ã.

https://www.journals.vu.lt/nonlinear-analysis
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3 Main results

Note that the operator T can be expressed as

(Tχ)(t) =

1∫
0

Gβ
(
t, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
(ln t)β−1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ, t ∈ [1, e].

Now let p∗ = max{1, p− 1}, p∗ = min{1, p− 1}, ηm = maxt∈[1,e] η(t), and

ω̃α,β =

[
2

Γ(β)

]p∗−1[
Γ(α)

]1−p∗/(p−1)
, ωα,β =

[
2

Γ(β)

]p∗−1[
Γ(α)

]1−p∗/(p−1)
.

Now, we list our assumptions for our nonlinearities f , g.

(H3) There exist µ1, ν1 > 0 such that r(L∗µ1,ν1) > 1 and

lim inf
χ→+∞

f(t, χ)

χp−1
>

(
µ1

ω̃α,β

)(p−1)/p∗

,

lim inf
χ→+∞

g(t, χ)

χ
> (β − 1)(2ηm)(1−p∗)/p∗ν

1/p∗
1

uniformly on t ∈ [1, e].
(H4) There exist µ2, ν2 > 0 such that r(L∗µ2,ν2) < 1 and

lim sup
χ→0+

f(t, χ)

χp−1
6

(
µ2

ωα,β

)(p−1)/p∗

,

lim sup
χ→0+

g(t, χ)

χ
6 (β − 1)(2ηm)(1−p∗)/p∗ν

1/p∗

2

uniformly on t ∈ [1, e].
(H5) There exist µ3, ν3 > 0 such that r(L∗µ3,ν3) > 1 and

lim inf
χ→0+

f(t, χ)

χp−1
>

(
µ3

ω̃α,β

)(p−1)/p∗

,

lim inf
χ→0+

g(t, χ)

χ
> (β − 1)(2ηm)(1−p∗)/p∗ν

1/p∗
3

uniformly on t ∈ [1, e].

Nonlinear Anal. Model. Control, 29(4):693–719, 2024
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(H6) There exist µ4, ν4 > 0 such that r(L∗µ4,ν4) < 1 and

lim sup
χ→+∞

f(t, χ)

χp−1
6

(
21−p∗/(p−1)µ4

ωα,β

)(p−1)/p∗

,

lim sup
χ→+∞

g(t, χ)

χ
6 (β − 1)(4ηm)(1−p∗)/p∗ν

1/p∗

4

uniformly on t ∈ [1, e].

Theorem 1. Suppose that (H1)–(H4) hold. Then (1) has at least one positive solution.

Proof. From (H3) there exist d1, d2 > 0 such that

f(t, χ) >

(
µ1

ω̃α,β

)(p−1)/p∗

χp−1 − d1,

g(t, χ) > (β − 1)(2ηm)(1−p∗)/p∗ν
1/p∗
1 χ− d2, t ∈ [1, e], χ ∈ R+.

Noting that p∗, p∗/(p− 1) ∈ (0, 1], we have[
f(t, χ) + d1

]p∗/(p−1)
6 fp∗/(p−1)(t, χ) + d

p∗/(p−1)
1 ,

and [
g(t, χ) + d2

]p∗ 6 gp∗(t, χ) + dp∗2 .

Consequently, we find

fp∗/(p−1)(t, χ) >
[
f(t, χ) + d1

]p∗/(p−1) − dp∗/(p−1)
1

>

[(
µ1

ω̃α,β

)(p−1)/p∗

χp−1

]p∗/(p−1)

− dp∗/(p−1)
1

=
µ1

ω̃α,β
χp∗ − dp∗/(p−1)

1 (12)

and

gp∗(t, χ) >
[
g(t, χ) + d2

]p∗ − dp∗2

>
[
(β − 1)(2ηm)(1−p∗)/p∗ν

1/p∗
1 χ

]p∗ − dp∗2

= (β − 1)p∗(2ηm)1−p∗ν1χ
p∗ − dp∗2 , t ∈ [1, e], χ ∈ R+. (13)

Now, we prove that the set

W1 =
{
χ ∈ P : χ = Tχ+ λφ, λ > 0

}
is bounded in P , where φ ∈ P0 is a given element. Note that if there exists χ ∈W1, from
Lemma 5 we have

χ ∈ P0. (14)

Moreover, λ > 0 and φ ∈ P0 enable us to find

χ(t) > (Tχ)(t), t ∈ [1, e].
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Therefore, we have

χp∗(t) >

[ 1∫
0

Gβ
(
t, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
(ln t)β−1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ

]p∗

> 2p∗−1

[ 1∫
0

Γ(β)Gβ
(
t, es

)
Γ(β)

( 1∫
0

Γ(α)Gα
(
es, eτ

)
Γ(α)

f
(
eτ, χ

(
eτ
))

dτ

)1/(p−1)

ds

]p∗

+ 2p∗−1

[
(ln t)β−1

β − 1

1∫
0

η(eτ )

ηm
ηmg

(
eτ , χ

(
eτ
))

dτ

]p∗

> 2p∗−1

1∫
0

[Γ(β)Gβ
(
t, es

)
]p∗

[Γ(β)]p∗

( 1∫
0

Γ(α)Gα(es, eτ )

Γ(α)
f
(
eτ , χ

(
eτ
))

dτ

)p∗/(p−1)

ds

+ 2p∗−1

[
(ln t)(β−1)

β − 1

]p∗ 1∫
0

[
η(eτ )

ηm

]p∗
ηp∗m g

p∗
(
eτ , χ

(
eτ
))

dτ

> 2p∗−1

1∫
0

Γ(β)Gβ(t, es)

[Γ(β)]p∗

1∫
0

Γ(α)Gα(es, eτ )

[Γ(α)]p∗/(p−1)
fp∗/(p−1)

(
eτ , χ

(
eτ
))

dτ ds

+
2p∗−1

(β − 1)p∗
(ln t)β−1

1∫
0

η(eτ )

ηm
ηp∗m g

p∗
(
eτ , χ

(
eτ
))

dτ

=

[
2

Γ(β)

]p∗−1

[Γ(α)]1−p∗/(p−1)

e∫
1

e∫
1

Gβ(t, s)Gα(s, τ)fp∗/(p−1)
(
τ, χ(τ)

)dτ

τ

ds

s

+
(2ηm)p∗−1

(β − 1)p∗
(ln t)β−1

e∫
1

η(τ)gp∗
(
τ, χ(τ)

)dτ

τ
. (15)

This, together with (12)–(13), implies that

χp∗(t) > ω̃α,β

e∫
1

Gβ,α(t, τ)

[
µ1

ω̃α,β
χp∗(τ)− dp∗/(p−1)

1

]
dτ

τ

+
(2ηm)p∗−1

(β − 1)p∗
(ln t)β−1

e∫
1

η(t)
[
(β − 1)p∗(2ηm)1−p∗ν1χ

p∗(t)− dp∗2

]dt
t
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= µ1

e∫
1

Gβ,α(t, s)χp∗(s)
ds

s
+ (ln t)β−1ν1

e∫
1

χp∗(s)
dη̃(s)

s

− d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

− 2p∗−1

(β − 1)p∗
(ηmd2)p∗ . (16)

Therefore, multiplying by dϑµ1,ν1(t)/t on both sides of (16) and integrating over [1, e],
from (11) we obtain

e∫
1

χp∗(t)
dϑµ1,ν1(t)

t

>

e∫
1

dϑµ1,ν1(t)

t

(
µ1

e∫
1

Gβ,α(t, s)χp∗(s)
ds

s
+ (ln t)β−1ν1

e∫
1

χp∗(s)
dη̃(s)

s

)

−
[

d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

+
2p∗−1

(β − 1)p∗
(ηmd2)p∗

] e∫
1

dϑµ1,ν1(t)

t

=

e∫
1

dϑµ1,ν1(t)

t

(
µ1

1∫
0

Gβ,α
(
t, es

)
χp∗(es) ds+ (ln t)β−1ν1

1∫
0

χp∗
(
es
)
η
(
es
)

ds

)

−
[

d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

+
2p∗−1

(β − 1)p∗
(ηmd2)p∗

] e∫
1

dϑµ1,ν1(t)

t

=

1∫
0

χp∗(es)

es
d

(
µ1

es∫
1

dτ

e∫
1

Gβ,α(t, τ)
dϑµ1,ν1(t)

t
+ η̃(es)ν1

e∫
1

(ln t)β−1 dϑµ1,ν1(t)

t

)

−
[

d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

+
2p∗−1

(β − 1)p∗
(ηmd2)p∗

] e∫
1

dϑµ1,ν1(t)

t

=

1∫
0

χp∗(es)

es
d(L∗µ1,ν1ϑµ1,ν1)

(
es
)

−
[

d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

+
2p∗−1

(β − 1)p∗
(ηmd2)p∗

] e∫
1

dϑµ1,ν1(t)

t

= r(L∗µ1,ν1)

1∫
0

χp∗(es)

es
dϑµ1,ν1

(
es
)

−
[

d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

+
2p∗−1

(β − 1)p∗
(ηmd2)p∗

] e∫
1

dϑµ1,ν1(t)

t
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= r(L∗µ1,ν1)

e∫
1

χp∗(t)
dϑµ1,ν1(t)

t

−
[

d
p∗/(p−1)
1 ω̃α,β
Γ(α)Γ(β)

+
2p∗−1

(β − 1)p∗
(ηmd2)p∗

] e∫
1

dϑµ1,ν1(t)

t
. (17)

Note that ϑµ1,ν1 ∈ P ∗ \{0}, and from the definition of the Riemann–Stieltjes integral we
have

e∫
1

χp∗(t)
dϑµ1,ν1(t)

t
= lim
λ→0

n∑
i=1

χp∗(ξi)

ξi

[
ϑµ1,ν1(ti)− ϑµ1,ν1(ti−1)

]
> 0 (18)

and
e∫

1

dϑµ1,ν1(t)

t
= lim
λ→0

n∑
i=1

1

ξi

[
ϑµ1,ν1(ti)− ϑµ1,ν1(ti−1)

]
>

1

e

[
ϑµ1,ν1(e)− ϑµ1,ν1(1)

]
> 0

for all divisions ti: 1 = t0 < t1 < · · · < tn−1 < tn = e, λ = max16i6n(ti − ti−1),
ξi ∈ [ti−1, ti], i = 1, 2, . . . , n.

Note that r(L∗µ1,ν1) > 1, and from (17) we obtain

e∫
1

χp∗(t)
dϑµ1,ν1(t)

t
6

[
d
p∗/(p−1)
1 ω̃α,β

Γ(α)Γ(β) + 2p∗−1

(β−1)p∗ (ηmd2)p∗ ]
∫ e

1

dϑµ1,ν1 (t)

t

r(L∗µ1,ν1)− 1
.

From (14) we have

‖χ‖ 6 p∗

√√√√√ [
d
p∗/(p−1)
1 ω̃α,β

Γ(α)Γ(β) + 2p∗−1

(β−1)p∗ (ηmd2)p∗ ]
∫ e

1

dϑµ1,ν1 (t)

t

[r(L∗µ1,ν1)− 1]
∫ e

1
(ln t)(β−1)p∗

dϑµ1,ν1 (t)

t

.

This implies that W1 is a bounded set as required. Taking R1 > supW1, when χ ∈
∂BR1

∩ P and λ > 0, we obtain

χ 6= Tχ+ λφ,

where BR1 = {χ ∈ E: ‖χ‖ < R1}. Hence, Lemma 6 implies that

i(T, BR1 ∩ P, P ) = 0. (19)

From (H4) there exists r1 ∈ (0, R1) such that

f(t, χ) 6

(
µ2

ωα,β

)(p−1)/p∗

χp−1,

g(t, χ) 6 (β − 1)(2ηm)(1−p∗)/p∗ν
1/p∗

2 χ, t ∈ [1, e], χ ∈ [0, r1].

(20)
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For this r1, we prove that

χ 6= λTχ, χ ∈ ∂Br1 ∩ P, λ ∈ [0, 1], (21)

where Br1 = {χ ∈ E: ‖χ‖ < r1}. Suppose the contrary. Then there exist χ ∈ ∂Br1 ∩P
and λ ∈ [0, 1] such that

χ = λTχ.

This, together with (20), implies that

χp
∗
(t) 6

[ 1∫
0

Gβ
(
t, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
(ln t)β−1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ

]p∗

6 2p
∗−1

[ 1∫
0

Γ(β)Gβ(t, es)

Γ(β)

×

( 1∫
0

Γ(α)Gα(es, eτ )

Γ(α)

(
µ2

ωα,β

)(p−1)/p∗

χp−1
(
eτ
)

dτ

)1/(p−1)

ds

]p∗

+ 2p
∗−1

[
(ln t)β−1

β − 1

1∫
0

η(eτ )

ηm
ηm(β − 1)(2ηm)(1−p∗)/p∗ν

1/p∗

2 χ
(
eτ
)

dτ

]p∗

6 2p
∗−1

1∫
0

Γ(β)Gβ(t, es)

[Γ(β)]p∗

1∫
0

Γ(α)Gα(es, eτ )

[Γ(α)]p∗/(p−1)

µ2

ωα,β
χp

∗(
eτ
)

dτ ds

+ 2p
∗−1 (ln t)β−1

(β − 1)p∗

1∫
0

η(eτ )

ηm

[
ηm(β − 1)

]p∗
(2ηm)1−p∗ν2χ

p∗
(
eτ
)

dτ

= µ2

e∫
1

Gβ,α(t, s)χp
∗
(s)

ds

s
+ (ln t)β−1ν2

e∫
1

η(s)χp
∗
(s)

ds

s
. (22)

Consequently, multiplying by dϑµ2,ν2(t)/t on both sides of (22) and integrating over
[1, e], from (11) we have

e∫
1

χp
∗
(t)

dϑµ2,ν2(t)

t

6

e∫
1

dϑµ2,ν2(t)

t

(
µ2

e∫
1

Gβ,α(t, s)χp
∗
(s)

ds

s
+ (ln t)β−1ν2

e∫
1

η(s)χp
∗
(s)

ds

s

)
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=

e∫
1

dϑµ2,ν2(t)

t

(
µ2

1∫
0

Gβ,α
(
t, es

)
χp

∗(
es
)

ds+ (ln t)β−1ν2

1∫
0

η
(
es
)
χp

∗(
es
)

ds

)

=

1∫
0

χp
∗
(es)

es
d

(
µ2

es∫
1

dτ

e∫
1

Gβ,α(t, τ)
dϑµ2,ν2(t)

t
+ η̃
(
es
)
ν2

e∫
1

(ln t)β−1 dϑµ2,ν2(t)

t

)

=

1∫
0

χp
∗
(es)

es
d(L∗µ2,ν2ϑµ2,ν2)

(
es
)

= r(L∗µ2,ν2)

1∫
0

χp
∗
(es)

es
dϑµ2,ν2

(
es
)

= r(L∗µ2,ν2)

e∫
1

χp
∗
(t)

dϑµ2,ν2(t)

t
. (23)

Using a similar method as in (18), we have

e∫
1

χp
∗
(t)

dϑµ2,ν2(t)

t
> 0.

Note that r(L∗µ2,ν2) < 1, and by (23) we have

lim
λ→0

n∑
i=1

χp
∗
(ξi)

ξi

[
ϑµ2,ν2(ti)− ϑµ2,ν2(ti−1)

]
=:

e∫
1

χp
∗
(t)

dϑµ2,ν2(t)

t
= 0. (24)

Note that ϑµ2,ν2 ∈ P ∗ \ {0}, (24) holds for all divisions ti, so we obtain χp
∗
(t) ≡ 0,

t ∈ [1, e]. Hence, this contradicts χ ∈ ∂Br1 ∩ P , and (21) holds. Therefore, Lemma 7
implies that

i(T, Br1 ∩ P, P ) = 1. (25)

From (19) and (25) we have

i
(
T, (BR1

\Br1) ∩ P, P
)

= i(T, BR1
∩ P, P )− i(T, Br1 ∩ P, P ) = −1.

Therefore, the operator T has at least one fixed point in (BR1
\ Br1) ∩ P . Thus, (1) has

at least one positive solution. This completes the proof.

Theorem 2. Suppose that (H1)–(H2) and (H5)–(H6) hold. Then (1) has at least one
positive solution.

Proof. From (H5) there exists a sufficiently small r2 > 0 such that

f(t, χ) >

(
µ3

ω̃α,β

)(p−1)/p∗

χp−1,

g(t, χ) > (β − 1)(2ηm)(1−p∗)/p∗ν
1/p∗
3 χ, t ∈ [1, e], χ ∈ [0, r2].

(26)
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For this r2, we prove that

χ 6= Tχ+ λφ̃, χ ∈ ∂Br2 ∩ P, λ > 0, (27)

where φ̃ is a fixed element in P , and Br2 = {χ ∈ E: ‖χ‖ < r2}. Suppose the contrary.
Then there exist χ ∈ ∂Br2 ∩ P , λ > 0 such that

χ = Tχ+ λφ̃,

and from (15), (26) we have

χp∗(t) > ω̃α,β

e∫
1

e∫
1

Gβ(t, s)Gα(s, τ)
µ3

ω̃α,β
χp∗(τ)

dτ

τ

ds

s

+
(2ηm)p∗−1

(β − 1)p∗
(ln t)β−1

e∫
1

η(τ)(β − 1)p∗(2ηm)1−p∗ν3χ
p∗(τ)

dτ

τ

= µ3

e∫
1

Gβ,α(t, s)χp∗(s)
ds

s
+ (ln t)β−1ν3

e∫
1

η(s)χp∗(s)
ds

s
. (28)

Hence, multiplying by dϑµ3,ν3(t)/t on both sides of (28) and integrating over [1, e],
from (11) we have

e∫
1

χp∗(t)
dϑµ3,ν3(t)

t

>

e∫
1

dϑµ3,ν3(t)

t

(
µ3

e∫
1

Gβ,α(t, s)χp∗(s)
ds

s
+ (ln t)β−1ν3

e∫
1

η(s)χp∗(s)
ds

s

)

= r(L∗µ3,ν3)

e∫
1

χp∗(t)
dϑµ3,ν3(t)

t
.

Using a similar method as in the proof of Theorem 1, note that r(L∗µ3,ν3) > 1, and we
have

χp∗(t) ≡ 0, t ∈ [1, e].

This contradicts χ ∈ ∂Br2 ∩ P , and (27) holds. Therefore, Lemma 6 implies that

i(T, Br2 ∩ P, P ) = 0. (29)

From (H6) there exist d3, d4 > 0 such that

f(t, χ) 6

(
21−p∗/(p−1)µ4

ωα,β

)(p−1)/p∗

χp−1 + d3,

g(t, χ) 6 (β − 1)(4ηm)(1−p∗)/p∗ν
1/p∗

4 χ+ d4, t ∈ [1, e], χ ∈ R+.
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Now, we prove that the set W2 = {χ ∈ P : χ = λTχ, λ ∈ [0, 1]} is bounded in P . Note
that if there exists χ ∈W2, from Lemma 5 we have

χ ∈ P0. (30)

This implies that

χp
∗
(t) 6

[ 1∫
0

Gβ
(
t, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
(ln t)β−1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ

]p∗

6 2p
∗−1

1∫
0

Γ(β)Gβ(t, es)

[Γ(β)]p∗

1∫
0

Γ(α)Gα(es, eτ )

[Γ(α)]p∗/(p−1)
fp

∗/(p−1)
(
eτ , χ

(
eτ
))

dτ ds

+ 2p
∗−1 (ln t)β−1

(β − 1)p∗

1∫
0

η(eτ )

ηm
ηp

∗

m g
p∗
(
eτ , χ

(
eτ
))

dτ

6 ωα,β

1∫
0

Gβ
(
t, es

) 1∫
0

Gα
(
es, eτ

)((21−p∗/p−1µ4

ωα,β

)(p−1)/p∗

χp−1
(
eτ
)

+ d3

)p∗/(p−1)

dτ ds

+ 2p
∗−1 (ln t)β−1

(β − 1)p∗

1∫
0

η(eτ )

ηm
ηp

∗

m

[
(β−1)(4ηm)(1−p∗)/p∗ν

1/p∗

4 χ
(
eτ
)
+d4

]p∗
dτ

6 2p
∗/(p−1)−1ωα,β

1∫
0

Gβ
(
t, es

) 1∫
0

Gα
(
es, eτ

)21−p∗/(p−1)µ4

ωα,β
χp

∗(
eτ
)

dτ ds

+
2p

∗/(p−1)−1ωα,βd
p∗/(p−1)
3

Γ(α)Γ(β)

+ 4p
∗−1 (ln t)β−1

(β − 1)p∗

1∫
0

η(eτ )

ηm
ηp

∗

m (β − 1)p
∗
(4ηm)1−p∗ν4χ

p∗
(
eτ
)

dτ

+
4p

∗−1

(β − 1)p∗
(ηmd4)p

∗

= µ4

e∫
1

Gβ,α(t, s)χp
∗
(s)

ds

s
+ (ln t)β−1ν4

e∫
1

η(s)χp
∗
(s)

ds

s

+
2p

∗/(p−1)−1ωα,βd
p∗/(p−1)
3

Γ(α)Γ(β)
+

4p
∗−1

(β − 1)p∗
(ηmd4)p

∗
. (31)
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Hence, multiplying by dϑµ4,ν4(t)/t on both sides of (31) and integrating over [1, e],
from (11) and the method used in the proof of Theorem 1 we have

e∫
1

χp
∗
(t)

dϑµ4,ν4(t)

t

6

e∫
1

dϑµ4,ν4(t)

t

(
µ4

e∫
1

Gβ,α(t, s)χp
∗
(s)

ds

s
+ (ln t)β−1ν4

e∫
1

η(s)χp
∗
(s)

ds

s

)

+

(
2p

∗/(p−1)−1ωα,βd
p∗/(p−1)
3

Γ(α)Γ(β)
+

4p
∗−1

(β − 1)p∗
(ηmd4)p

∗
) e∫

1

dϑµ4,ν4(t)

t

6 r(L∗µ4,ν4)

e∫
1

χp
∗
(t)

dϑµ4,ν4(t)

t

+

(
2p

∗/(p−1)−1ωα,βd
p∗/(p−1)
3

Γ(α)Γ(β)
+

4p
∗−1

(β − 1)p∗
(ηmd4)p

∗
) e∫

1

dϑµ4,ν4(t)

t
.

Note that r(L∗µ4,ν4) < 1 and (30), we have

e∫
1

(ln t)(β−1)p∗‖χ‖p
∗ dϑµ4,ν4(t)

t
6

e∫
1

χp
∗
(t)

dϑµ4,ν4(t)

t

6
(

2
p∗
p−1

−1
ωα,βd

p∗/(p−1)
3

Γ(α)Γ(β) + 4p
∗−1

(β−1)p∗
(ηmd4)p

∗
)
∫ e

1

dϑµ4,ν4 (t)

t

1− r(L∗µ4,ν4)
,

and thus

‖χ‖ 6
p∗

√√√√√ (
2
p∗
p−1

−1
ωα,βd

p∗/(p−1)
3

Γ(α)Γ(β) + 4p∗−1

(β−1)p∗
(ηmd4)p∗)

∫ e

1

dϑµ4,ν4 (t)

t

[1− r(L∗µ4,ν4)]
∫ e

1
(ln t)(β−1)p∗ dϑµ4,ν4 (t)

t

.

This implies that W2 is a bounded set as required. Taking R2 > supW2 and R2 > r2,
when χ ∈ ∂BR2 ∩ P and λ ∈ [0, 1], we obtain

χ 6= λTχ,

where BR2
= {χ ∈ E: ‖χ‖ < R2}. Hence, Lemma 7 implies that

i(T, BR2 ∩ P, P ) = 1. (32)

From (29) and (32) we have

i
(
T, (BR2 \Br2) ∩ P, P

)
= i(T, BR2 ∩ P, P )− i(T, Br2 ∩ P, P ) = 1.
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Therefore, the operator T has at least one fixed point in (BR2
\ Br2) ∩ P . This means

that (1) has at least one positive solution. This completes the proof.

Now, we study the multiplicity of positive solutions to (1). Note that by Lemma 5, if
t0 ∈ (1, e), then we have

T (P ) ⊂ P1,

where

P1 =
{
χ ∈ P : min

t∈[t0,e]
χ(t) > (ln t0)β−1‖χ‖

}
.

Theorem 3. Suppose that (H1)–(H2) and the following conditions hold:

(H7) There exist ζ1, ζ2 > 0 with

δζ1,ζ2 := ζ1
2p

∗+p∗/(p−1)−2

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)
+ ζ24p

∗−1 ηp
∗

m

(β − 1)p∗
< 1

such that

lim sup
χ→+∞

f(t, χ)

χp−1
6ζ(p−1)/p∗

1 , lim sup
χ→+∞

g(t, χ)

χ
6ζ1/p∗

2 uniformly on t∈ [1, e];

(H8) There exists d̃ > 0 and ζ3, ζ4 > 0 with

ζ3
2p

∗−1

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)
+ ζ42p

∗−1 ηp
∗

m

(β − 1)p∗
< 1

such that

f(t, χ) 6 ζ
(p−1)/p∗

3 d̃p−1, g(t, χ) 6 ζ
1/p∗

4 d̃, χ ∈ [0, d̃], t ∈ [1, e];

(H9) There exist ã with ã > d̃ and ζ5, ζ6 > 0 with

ζ5
(ln t0)(β−1)p∗2p∗−1

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)
+ ζ6(ln t0)(β−1)p∗2p∗−1 ηp∗m

(β − 1)p∗
> 1

such that

f(t, χ)>ζ(p−1)/p∗
5 ãp−1, g(t, χ)>ζ1/p∗

6 ã, χ∈
[
ã,

ã

(ln t0)β−1

]
, t ∈ [1, e].

Then (1) has at least three positive solutions.

Proof. From (H7) there exist c1, c2 > 0 such that

f(t, χ) 6 ζ
(p−1)/p∗

1 χp−1 + c1, g(t, χ) 6 ζ
1/p∗

2 χ+ c2, t ∈ [1, e], χ ∈ R+.
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Taking

c̃ >
p∗

√√√√√ c
p∗/(p−1)
1 2

p∗+
p∗
p−1

−2

[Γ(β)]p∗ [Γ(α)]p∗/(p−1) + cp
∗

2 4p∗−1( ηmβ−1 )p∗

1− δζ1,ζ2
,

for ‖χ‖ 6 c̃, we have

(Tχ)p
∗
(t)

6

[ 1∫
0

Gβ
(
t, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
(ln t)β−1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ

]p∗

6 2p
∗−1

1∫
0

Gp
∗

β

(
t, es

) 1∫
0

Gp
∗/(p−1)
α

(
es, eτ

)
fp

∗/(p−1)
(
eτ , χ

(
eτ
))

dτ ds

+ 2p
∗−1

[
(ln t)β−1

β − 1

]p∗ 1∫
0

ηp
∗(

eτ
)
gp

∗(
eτ , χ

(
eτ
))

dτ

= 2p
∗−1

e∫
1

[Γ(β)Gβ(t, s)]p
∗

[Γ(β)]p∗

e∫
1

[Γ(α)Gα(s, τ)]p
∗/(p−1)

[Γ(α)]p∗/(p−1)
fp

∗/(p−1)
(
τ, χ(τ)

)dτ

τ

ds

s

+ 2p
∗−1

[
(ln t)β−1

β − 1

]p∗ e∫
1

ηp
∗
(τ)gp

∗(
τ, χ(τ)

)dτ

τ

6
2p

∗+ p∗
p−1−2

[Γ(β)]p∗
[
Γ(α)

]p∗/(p−1)

e∫
1

e∫
1

(
ζ1χ

p∗(τ) + c
p∗/(p−1)
1

)dτ

τ

ds

s

+ 4p
∗−1

(
ηm
β − 1

)p∗ e∫
1

(
ζ2χ

p∗(τ) + cp
∗

2

)dτ

τ

6 δζ1,ζ2 c̃
p∗ +

c
p∗/(p−1)
1 2p

∗+p∗/(p−1)−2

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)
+ cp

∗

2 4p
∗−1

(
ηm
β − 1

)p∗
6 c̃p

∗
. (33)

This implies that T : P c̃ → P c̃.
For χ ∈ P1, define β̃(χ) = mint∈[t0,e] χ(t). Then β̃ is a nonnegative continuous

concave functional on P1, and the following inequality holds:

β̃(χ) 6 max
t∈[1,e]

χ(t) = ‖χ‖, χ ∈ P1.
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If we take χ(t) ≡ (ã+ ã/(ln t0)β−1)/2 > ã, then this χ ∈ {χ ∈ P (β̃, ã, ã/(ln t0)β−1):

β̃(χ) > ã}. Consequently, we see that {χ ∈ P (β̃, ã, ã/(ln t0)β−1): β̃(χ) > ã} 6= ∅ and
β̃(Tχ) > ã for χ ∈ P (β̃, ã, ã/(ln t0)β−1). Moreover, for χ ∈ P (β̃, ã, ã/(ln t0)β−1),
β̃(χ) > ã, and we have

ã

(ln t0)β−1
> ‖χ‖ > β̃(χ) > ã.

Therefore, by (H9) we obtain[
β̃(Tχ)(t)

]p∗
=

[
min
t∈[t0,e]

{ 1∫
0

Gβ
(
t, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
(ln t)β−1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ

}]p∗

> (ln t0)(β−1)p∗

[ 1∫
0

Gβ
(
e, es

)( 1∫
0

Gα
(
es, eτ

)
f
(
eτ , χ

(
eτ
))

dτ

)1/(p−1)

ds

+
1

β − 1

1∫
0

η
(
eτ
)
g
(
eτ , χ

(
eτ
))

dτ

]p∗
> (ln t0)(β−1)p∗2p∗−1

×
1∫

0

[Γ(β)Gβ(e, es)]p∗

[Γ(β)]p∗

1∫
0

[Γ(α)Gα(es, eτ )]p∗/(p−1)

[Γ(α)]p∗/(p−1)
fp∗/(p−1)

(
eτ , χ

(
eτ
))

dτ ds

+ (ln t0)(β−1)p∗2p∗−1 1

(β − 1)p∗

1∫
0

ηp∗(eτ )

ηp∗m
ηp∗m g

p∗
(
eτ , χ

(
eτ
))

dτ

>
(ln t0)(β−1)p∗2p∗−1

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)

e∫
1

e∫
1

ζ5ã
p∗

dτ

τ

ds

s

+ (ln t0)(β−1)p∗2p∗−1 ηp∗m
(β − 1)p∗

e∫
1

ζ6ã
p∗

dτ

τ

> ãp∗ .

This implies that
β̃(Tχ) > ã.
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Next, we assert that ‖Tχ‖ < d̃ for ‖χ‖ 6 d̃. In fact, if χ ∈ P d̃, from (H8) and (33) we
have

(Tχ)p
∗
(t) 6

2p
∗−1

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)

e∫
1

e∫
1

fp
∗/(p−1)

(
τ, χ(τ)

)dτ

τ

ds

s

+ 2p
∗−1

(
ηm
β − 1

)p∗ e∫
1

gp
∗
(τ, χ(τ))

dτ

τ

6
2p

∗−1

[Γ(β)]p∗ [Γ(α)]p∗/(p−1)

e∫
1

e∫
1

ζ3d̃
p∗ dτ

τ

ds

s
+ 2p

∗−1

(
ηm
β − 1

)p∗ e∫
1

ζ4d̃
p∗ dτ

τ

< d̃p
∗
.

This shows that ‖Tχ‖ < d̃, and this implies that

T : P d̃ → Pd̃ for χ ∈ P d̃.

Finally, we assert that if χ ∈ P (β̃, ã, c̃) and ‖Tχ‖ > ã/(ln t0)β−1, then β̃(Tχ) > ã.
To see this, if χ ∈ P (β̃, ã, c̃) and ‖Tχ‖ > ã/(ln t0)β−1, then from Lemma 3(iiii) we have

β̃(Tχ)(t) = min
t∈[t0,e]

{ e∫
1

Gβ(t, s)ϕq

( e∫
1

Gα(s, τ)f
(
τ, χ(τ)

)dτ

τ

)
ds

s

+
(ln t)β−1

β − 1

e∫
1

η(t)g
(
t, χ(t)

)dt

t

}

> (ln t0)β−1

( e∫
1

Gβ(e, s)ϕq

( e∫
1

Gα(s, τ)f
(
τ, χ(τ)

)dτ

τ

)
ds

s

+
1

β − 1

e∫
1

η(t)g
(
t, χ(t)

)dt

t

)

> (ln t0)β−1‖Tχ‖.

Consequently, we have

β̃(Tχ) > (ln t0)β−1‖Tχ‖ > (ln t0)β−1 ã

(ln t0)β−1
= ã.

As a result, all the conditions of Lemma 9 are satisfied by taking b̃ = ã/(ln t0)β−1.
Hence, T has at least three fixed points, i.e., (1) has at least three positive solutions χi
(i = 1, 2, 3) such that

‖χ1‖ < d̃, ã < β̃(χ2), and ‖χ3‖ > d̃ with β̃(χ3) < ã.

This completes the proof.
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Now, we will provide some examples to verify our main results. Let α = 1.5, β = 2.5,
p = 1.5, t0 =

√
e, η(t) = ln t, η̃(t) = t ln t − t + 2, t ∈ [1, e]. Then (H2) holds, and

we can calculate the following values: Γ(α) = 0.89, Γ(β) = 1.33, p∗ = 0.5, p∗ = 1,
ηm = 1, ω̃α,β = 0.82, ωα,β = 1.12. From Lemma 4 we have

r(L∗µ,ν) > ν

e∫
1

ln t(ln t)β−1 dt

t
=

ν

β + 1
. (34)

Moreover, note that from Lemma 3(ii)–(iii) we obtain

r(L∗µ,ν) 6 max
s∈[0,1]

{
µ

es∫
1

dτ

e∫
1

Gβ,α(t, τ)
dt

t
+ η̃(es)ν

e∫
1

(ln t)β−1 dt

t

}

6
2ν

β
+

µ(e− 1)

Γ(α)Γ(β)
. (35)

Example 1. Let µ1 = 0.82, ν1 = 4, µ2 = 0.3, ν2 = 0.6, and

f(t, χ) =
ln t+ 1

4
χ0.6, g(t, χ) =

ln t+ 2

3
χ2, t ∈ [1, e], χ ∈ R+.

Then from (34)–(35) we have r(L∗µ1,ν1) > 1, r(L∗µ2,ν2) < 1, and

lim inf
χ→+∞

f(t, χ)

χp−1
= lim inf

χ→+∞

ln t+1
4 χ0.6

χ0.5
= +∞,

lim inf
χ→+∞

g(t, χ)

χ
= lim inf

χ→+∞

ln t+2
3 χ2

χ
= +∞,

lim sup
χ→0+

f(t, χ)

χp−1
= lim sup

χ→0+

ln t+1
4 χ0.6

χ0.5
= 0,

lim sup
χ→0+

g(t, χ)

χ
= lim sup

χ→0+

ln t+2
3 χ2

χ
= 0

uniformly on t ∈ [1, e]. These imply that (H1), (H3)–(H4) are satisfied.

Example 2. Let µ3 = 0.9, ν1 = 7, µ3 = 0.2, ν4 = 0.5, and

f(t, χ) =
2 ln t+ 1

7
χ0.4, g(t, χ) =

3 ln t+ 2

9
χ1/2, t ∈ [1, e], χ ∈ R+.

Then from (34)–(35) we have r(L∗µ3,ν3) > 1, r(L∗µ4,ν4) < 1, and

lim inf
χ→0+

f(t, χ)

χp−1
= lim inf

χ→0+

2 ln t+1
7 χ0.4

χ0.5
= +∞,

lim inf
χ→0+

g(t, χ)

χ
= lim inf

χ→0+

3 ln t+2
9 χ1/2

χ
= +∞,
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lim sup
χ→+∞

f(t, χ)

χp−1
= lim sup

χ→+∞

2 ln t+1
7 χ0.4

χ0.5
= 0,

lim sup
χ→+∞

g(t, χ)

χ
= lim sup

χ→+∞

3 ln t+2
9 χ1/2

χ
= 0

uniformly on t ∈ [1, e]. These imply that (H1), (H5)–(H6) are satisfied.

Example 3. Let ã = 100, d̃ = 1, ζ1 = 0.2, ζ2 = 0.7, ζ3 = 0.5, ζ4 = 0.7, ζ5 = 1.22,
ζ6 = 1.48, and

f(t, χ) =


ln t+3χ

8 , χ ∈ [0, 1], t ∈ [1, e],
ln t
8 + 397

792χ−
25
198 , χ ∈ [1, 100], t ∈ [1, e],

ln t
8 + 50, χ ∈ [100, 10000], t ∈ [1, e],

ln t
8 + 5 4

√
χ, χ > 10000, t ∈ [1, e],

g(t, χ) =


4 ln t+3χ

10 , χ ∈ [0, 1], t ∈ [1, e],
2 ln t

5 + 2197
990 χ−

190
99 , χ ∈ [1, 100], t ∈ [1, e],

2 ln t
5 + 220, χ ∈ [100, 1000], t ∈ [1, e],

2 ln t
5 + 22 3

√
χ, χ > 1000, t ∈ [1, e].

Then

(i) lim sup
χ→+∞

f(t, χ)

χp−1
= lim sup

χ→+∞

ln t
8 + 5 4

√
χ

√
χ

= 0,

lim sup
χ→+∞

2 ln t
5 + 22 3

√
χ

χ
= 0 uniformly on t ∈ [1, e],

(ii) f(t, χ) 6 0.5 6 ζ
(p−1)/p∗

3 d̃p−1 = 0.71,

g(t, χ) 6 0.7 = ζ
1/p∗

4 d̃, χ ∈ [0, 1], t ∈ [1, e],

(iii) f(t, χ) > 50 > ζ
(p−1)/p∗
5 ãp−1 = 12.2,

g(t, χ) > 220 > ζ
1/p∗
6 ã = 219, χ ∈ [100, 282.85], t ∈ [1, e].

Consequently, (H1) and (H7)–(H9) hold.
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