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Abstract. In this paper, we study the existence of positive solutions to a Hadamard-type fractional
integral boundary value problem using fixed point index. We construct a new linear operator and
obtain our main results under some conditions concerning the spectral radius of this linear operator.
Our method improves and generalizes some results in the literature.
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1 Introduction

In this work, we study the existence of positive solutions to the Hadamard-type fractional
p-Laplacian integral boundary value problem

D* (¢, (Dx(t))) = f(t,x(t)), te (1),

e

DPx(1) = DPx(e) =0, x(1)=0dx(1)=0, dx(e) =/n(t)g(t,x(t))
1

dt (M
t7
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where D®, D” are the Hadamard-type fractional derivatives with o € (1,2], 8 € (2,3],
5x(t) = tdx/dt, and ¢, (s) = |s|[P~2s is the p-Laplacian, p > 1, s € R. The functions
f> g, n satisfy:

HD) f,g € C([1,e] x RT,RT),

(H2) 7 is a nonnegative continuous function on [1,e] with n(t) Z 0,¢ € [1,¢€].

Fractional calculus and fractional boundary value problems arise in physical me-
chanics, anomalous diffusion, automatic control, biomedicine, etc.; we refer the reader
to [1-6, 8, 10-16, 18,20-35] and the references therein. For example, in [26] the author

studied the following model in the fractional sense of the system for HIV-1 population
dynamics:

Dgu(t) + Af(t,u(t), Diu(t),v(t)) =0, 0<t<1,

Div(t) + Ag(t,u(t)) =0, 0<t<1,
1

DPu(0) = DI ru(0) =0,  DPu(l) = /Dfu(s) dA(s),

0(0) =0'(0) =0, w(l)= /v(s) dB(s)
0

where 2 < o, 7 < 3,0 < 8 < 1, u denotes the number of uninfected CD4 T cells, and v
denotes the number of infected cells, Dy, Dt , D are the Riemann—Liouville derivatives.

In [1], the author studied the Riemann—Stieltjes integral boundary value problem of
the Hadamard-type fractional differential equation

D) = 260 D). s€WT)T <0

n
d
/f dA(s “ﬁ/@)g) 69 = uI%¢n), 1<y <T,
1

where D is the Hadamard fractional derivative, I is the Hadamard fractional integral
with o € (1,2], 8 € (1,1), 2 : [1,T] x R — R is continuous and satisfies a Lipschitz
condition. Using Schauder’s fixed point theorem and Banach’s contraction principle, the
author obtained the existence and uniqueness of nontrivial solutions. In [32], the author in-
vestigated the eigenvalue problem of the Hadamard-type fractional differential equations
with a p-Laplacian

D (¢, (Dx(t))) = —Xa(t)f(z(t)), € (3,4], B€ (23], te[l,e],
(1) = dz(1) = z(e) = dx(e) =
pp(Dx(1)) =0, (Dx(1)) =0, @p(D%x(e)) = ny(Dx()),

and using the Guo—Krasnosel’skii fixed point theorem on cones, the author obtained some
existence and nonexistence results for positive solutions under some (p — 1)-superlinear
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and (p — 1)-sublinear conditions. In [4], the authors used the five functional fixed point
theorem to discuss multiple positive solutions for the p-Laplacian Hadamard fractional
differential equation with multipoint boundary conditions

D" (pp(D70(1))) = f(t,0(t), D7 0(t)), 2<7r v<3, te(le),
v(l) =v'(1) = DYu(1 )= (op(D70(1))) =0,

n—2
D" o, (DYv(e Z aipp(DVv(0y)), D7 ty(e) = Z biv(p;).
i=1

Note that the spectral theory of linear operators can be used to study differential equa-
tions, and in [29], the authors studied positive solutions to the Hadamard-type fractional
integral boundary value problem

DFx(t) + f(t,x(t) =0, te(a,b),
b

@ =xX@=0. 0= [bex0F

where f € C([a,b] x RT,RT) satisfies the conditions

(HZ1) liminf, o+ f(t,x)/x > A1, limsup, ,, . f(t,x)/x < A1 uniformly on
t € [a,b)],

(HZ2) limsup, o+ f(t,x)/x < A1, liminf, 4 f(¢,x)/x > A1 uniformly on
t € la,b],

where \; is the first eigenvalue of the operator

LZlX /GtS

and G is the Green’s function.

Motivated by the aforementioned works, in this paper, we use the fixed point index
and the Leggett—Williams fixed point theorem to study the existence and multiplicity
of positive solutions for (1). We first obtain two existence theorems when f, g grow
superlinearly and sublinearly under some conditions concerning the spectral radius of
a related linear operator. Then, when f, g satisfy some bounded conditions, we obtain
a theorem concerning the multiplicity. We note here that our considered linear operator is
totally different from L z; (see (10) in the following section). Finally, some examples are
provided to verify our main results.

2 Preliminaries

In this section, we give the definition of the Hadamard-type fractional derivative; for more
details, we refer the reader to [29-32].

Nonlinear Anal. Model. Control, 29(4):693-719, 2024
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Definition 1. The Hadamard derivative of fractional order ¢ for a function g : [1,00) — R
is defined as

¢

1 d\" d

Dg(t) = =g (tdt> /(1nt — lns)”qulg(s)f, n—1<gqg<mn,
1

where n = [q] + 1, [¢] denotes the integer part of the real number ¢, and In(-) = log, ().

Now, we calculate the Green’s function associated with (1). Let ¢, (D?x(t)) = —w(t),
€ [1,¢]. Then from (1) we have

_Daw(t) = f(t7X(t))’ te (176)7

2)
w(l) = w(e) =0,
and we can obtain the following lemma.
Lemma 1. (See [13]). (2) is equivalent to the Hammerstein integral equation
f ds
~ [ Gult ) (x9) S
1
where
Gt s) 1 (Int)>1(1 —Ins)* ! —(Int —lns)* !, 1<s<t<e,
« 78 = A/ N
I'(a) |(Int)* (1 —Ins)>~ 1, I1<t<s<e
By Lemma 1 and (1) we obtain the following boundary value problem:
d
—DPx( (/G t,s)f (s, x(s)) S) te(l,e),
3)

YD) =bx(1) =0, by(e) = / n(t)g (b x (1) %

t )
1
where ¢ is the conjugate number of p, i.e., 1/p+ 1/¢ = 1.

Lemma 2. (3) is equivalent to the following integral equation:

r r 7\ ds nt)#-1 /
w0 = [ Gutt. o), ( / Ga<s,7>f(7,x<v>)d> © B Lowgen) T

-
1 1
where

B (Int)?~1(1 —Ins)?~2 — (Int —Ins)?~L, 1
Golt:s) = 5y {(1nt)51(1 ~Ins)?2, 1

< t
< s

NN

€,
€

NN

s
t
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Proof. We first consider the boundary value problem

—DPx(t) = %(/Ga(LS)f(S’x(S))(f)’ te(le),

4)
x(1) = dx(1) = dx(e) = 0.
From the methods in [31] we obtain
t
x(t) = er(Int)? 14 co(Int)?—2 4 63(lnt)673—ﬁ /(hlt—ln 5)P 1y, (w(s))%,
1

where ¢; € R, 4 = 1,2,3. Note that x(1) = dx(1) = 0, and we have c; = ¢3 = 0.
Moreover, dx(e) = 0 implies that

(S

@ =a@-1-1 [ <1—1ns>ﬁ—2wq< / Ga(s,T)f(T,x(T))dT> ds_y,

L(B) / gl I
and then
x(t) . t
L 1 P20 (N [t 1) To (w(s)) 32
_F(ﬁ)l/(1 O A=) e (we) F(B)l/(ltl )P (wls))

f ds
= /G@(t,s)goq (w(s))? (5)
1
Next, we study the boundary value problem
—DPx(t) =0, te(le),
f dt 6
(W) =W =0, o) = [ gt x(0) 5 ©
1
From (6) we have
x(t) = (Int)’ = + & (Int)P~2 4+ & (Int)? 3,
where ¢; € R, i = 1,2, 3. Similarly, we have ¢; = ¢35 = 0. Consequently, we obtain
_ r dt
1
)1 [ dt
w0 =B [aogee) T )

1

Combining (4)—(7), we obtain the conclusion of this lemma. This completes the proof. [

Nonlinear Anal. Model. Control, 29(4):693-719, 2024


https://doi.org/10.15388/namc.2024.29.35237

698 Y. Xu et al.

Remark 1. If we use ¢, s to replace Int, In s, we can find that G, Gg are the Green’s
functions associated with the following two boundary value problems involving Riemann—
Liouville-type fractional derivatives:

—Dgu(t) = e1(t), te(0,1), wu(0)=u(l)=0 ®)
and
—Dju(t) = 0a(t), te(0,1),  u(0)=1u/(0)=u'(1)=0, ©)

where Df,, Dg . are the Riemann-Liouville-type fractional derivatives with o € (1,2],
B € (2,3]. Therefore, in this paper, we do not construct new Green’s functions, and we
can study G, G from the properties of the Green’s functions for (8)—(9).

Lemma 3. (See [8]). The functions G, G g have the following properties:

(i) G4 € C([1,¢] x [1,€],RT) and T(a)G4(t,s) < 1fort,s € [1,¢],
(iii) Gg € C([1,¢] x [1,e],R") and T'(B)Gp(t,s) < 1fort,s € [1,¢€],
(iiii) (Int)?~1Gs(e, s) < Gp(t,s) < Ggle,s) fort,s € [1,e].
Let E = C[1,¢] with the norm ||x|| = maxi<i<e [x(¢)|. Define a cone P by P =
{x € E: x(t) = 0,t € [1,e]}. Then E is a Banach space, and P a closed cone on E.
Moreover, E’s conjugate space is E* = {z: z has bounded Varlauon on [1,e|}, and P’s
dual cone P* := {z € E*: z is nondecreasing on [1, e]}. Let 7j(t) fl s)ds,t € [1,¢€].
Then from (H2) we have that 7 is a nondecreasing continuous function on [1 e]. Note that
we can choose a sufficiently large positive constant /A, such that

)| < A,, te(le

Hence, we can define a positive continuous function 77 = 77 + A,, such that dij/dt = 7(t),
t€[1,e], and 7 € P*. Consequently, from Lemma 2 we can define an operator T: E — F
as follows:

(Tx)(t)

e

T S n p-1 /
/Gﬁa . (/G s (rx() )d + B [hgtexo) T

T\ ds nt)f-1 r Ul
/Gﬁ 5 q</aa<s,7>f(nx<r>)i>i + B0 Lot Y,

1
where ¢t € [1, e]. Moreover, from Lemma 3(ii)—(iii) and (H1)-(H2) we have

T(P) C P,
and if there exists x* € P\ {0} such that T'x* = x*, then x* is the positive solution

to (1).

https://www.journals.vu.lt/nonlinear-analysis
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Let i, v be two positive constants, and consider a linear operator as follows:

e’ e

L) =n [ dr [ Gaaltr)
1

1

dz(t) dz(t)

+ﬁ(e5)u/(1nt)ﬁ*17,

1

where z € P*, s € [0, 1], and

r d
Gralt.s) = [ GoltGalris) T tis € (L]
1

699

(10)

Note that L7, , is a positive linear operator, i.e., L}, ,(P*) C P. Next, we shall prove that

*

the spectral radius of L,

denoted by r(Lj, ), is positive.
Lemmad4. r(Lj ,) > 0.

Proof. Let (L;2)(s) = n(s)v [{(Int)’~1dz(t)/t, = € P*, s € [1,e]. Then for all

n € N, we find

e n—1 e

dz(t)

((L’;)”Z)(S>=ﬁ(s)V”< / n(t)(lnwﬁ-l‘?) Janop 1 =L e el

1 1

Choose zg = t/e, t € [1,e], and let 7),,, = minse[y ¢ 77(s) > 0. Then we have

L2 = sup [[((£5)"2) ]| = [I((£3)"20) |

llzll=1

. e n—1 e
> TV”(/n(t)(lnt)Bl?> /(mt)ﬁ*l%.

1 1

Consequently, Gelfand’s theorem implies that
*\ 1 . n *\n
r(Ly) = liminf {/|[(Z3)"

e n—1 e
Nm dt dt
> liminf " WV”(/U(t)(lnt)ﬁ_lt> /(lnt)ﬁ_17
(§
1

n—-+oo
1

(S

—v [0ty

1

dt
12>
t

Therefore, we have r(Lj, ,) > 7(L}) > 0. This completes the proof.

O

Therefore, Lemma 4 and the Krein—Rutman theorem [17] imply that there exists

U, € P*\ {0} such that
(LZ’,ﬂ?H’V)(eS) = T(LZ,V)T%,V (es), s €[0,1].

Nonlinear Anal. Model. Control, 29(4):693-719, 2024
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Lemma 5. Suppose that (H1)-(H2) hold, and let
Py = {X eP: x(t) > (lnt)ﬁle)(H, te [l,e]}.
Then T(P) C P.
This is a direct result of Lemma 3(iiii), so we omit its proof.
Lemma 6. (See [9]). Suppose 2 C E is a bounded open set and A : 2 NP — P is

a completely continuous operator. If there exists xo € P\ {0} such that x — Ax # Axo
Sforall A\ >0, x € 02N P, theni(A, 2NP, P)=0.

Lemma 7. (See [9]). Let 2 C E be a bounded open set with 0 € (2. Suppose A :
2N P — P is a completely continuous operator. If x # MNAx for all x € 92N P,
0< A<, theni(A, 2N P, P) =1

Lemma 8. (See [7]). Letf >0,n>1,a; 201 =1,2,...,n), and v € C([a,b],RT).
Then
b

b 0 N "
(/’(/J(t) dt) < (b—a)a_l/(w(t))edt and (Zal) gn‘g_lzaf

forall 0 > 1,
b

b 0 N "
(/1/1(t) dt) > (b—a)a_l/(w(t))edt and <Zai> 2n9_12af

a

forall0 < 6 < 1.

Let E be a real Banach space with a cone P. A map E : P — R7 is said to be a
nonnegative continuous concave functional on P if 3 is continuous and

Btx+ 1 —1)Y) = tB(x) + (1 —t)B(Y) forallx,Y € P, te0,1].

Let a, b be two numbers with 0 <a< 5, and B be a nonnegative continuous concave
functional on P. We define the following convex sets:

Pi={xeP: x| <a}, oP:i={xeP: |x|=a},
Pa={xeP: |x|<a}, PBab)={xeP a<pX), llxl<b}

Lemma 9. (See [19]). Let T : Pz — Pz be completely continuous, and let ﬁl)e
a nonnegative continuous concave functional on P such that 5(x) < ||x|| for x € Pz
Suppose that there exist 0 < d < a < b < ¢ such that
() {x € P(B,a,b): B(x) > a} # B and B(T'x) > @ for x € P(5,a,b),
(i) | Tx[| < dfor (x| < d,_ ~
(i) B(Tx) > afor x € P(B,a,c) with ||Tx|| > b.
Then T has at least three fixed points X1, X2, X3 in Pz such that

Ixill <d, a<B(x2) and |xs|>d, B(xs)<a.

https://www.journals.vu.lt/nonlinear-analysis
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3 Main results

Note that the operator 1" can be expressed as

1 1

1/(p—1)
(Tx)(t) = / G (t,¢°) ( / G (c*,7) £(e7, 1 (7)) dT> ds
0

0

n B—1 L
Jr%/??(eT)g(eT,x(eT))dT, tel,e].
0

Now let p* = max{1, p — 1}, p, = min{1, p — 1}, 9, = maxc[; ¢ 7(t), and

Gy — [rfﬁ)r*l[r(o‘ﬂlm/@l)v Bap = {@r*l[r(a)f”*/@”.

Now, we list our assumptions for our nonlinearities f, g.

(H3) There exist j1,v7 > 0 such that »(L* ) > 1and

H1,V1

(p—1)/p«
lim inf 1t x) > ~M1 )
x—+oo yP~1 Wa,B

t
lim inf 79( X)

> (B — 1)(2m,,)L—P=)/p 1/p«
Xotee (B ) (27 V1

uniformly on ¢ € [1,¢].
(H4) There exist j,v2 > 0 such that 7(L},, ) < 1and

(p—1)/p"
t
lim sup 1t < < 12 > ;

—1 —_—
x—ot X Wa,p

t N .
lim sup 9t x) < (B —1)(2n,,)P/P V21/p

x—0+ X

uniformly on ¢ € [1,¢].
(H5) There exist p3,v3 > 0 such that r(L%_, ) > 1and

H3,V3

N
lim inf 1t ) > < K ) )

x—0+ Xp_l L~ua”g

t
lim inf M > (B - 1)(2777”)(171)*)/11*1/31’/19*
x—0% X

uniformly on ¢ € [1,¢].

Nonlinear Anal. Model. Control, 29(4):693-719, 2024
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(H6) There exist pq, 4 > 0 such that r(L% ) < 1and

M4,V

f(t7X>< 2171}*/@71)#4 (p=0)/p"
X wa,ﬁ )

lim sup
x—+oo X

t - .
fimsup L) < (5 1)(am,,) 17 107
X

x—+00
uniformly on ¢ € [1,¢].
Theorem 1. Suppose that (H1)—-(H4) hold. Then (1) has at least one positive solution.
Proof. From (H3) there exist d1,ds > 0 such that
(p—1)/p~
flt,x) = (~'u1 ) X't —di,

Wa, B

g(t,x) = (B = 1)) PP Py —dy, b e [Le], x € RT
Noting that p,, p./(p — 1) € (0, 1], we have
[f(t’x)+d1]p*/(p—l) < fp*/(p—l)(t’x)_|_d117»«/(p71)’
and
lg(t, x) + d2]™ < gP=(t,x) + db".

Consequently, we find

FP10 ) 2 [t ) + ] T — a0

(p—1)/p« p«/(p—1)
> [(J‘l ) Xp—l} _dzlu/(pfl)
waﬂ

— J‘Ll X;D* _ dlf*/(l’*l) (12)
waﬁ

and
9" (t,x) = [g(t,x) +do]™ — df
> [(B—1)(2nn) PPy Py ] — b
= (B—1)P (20 PrxPr —db, te[le], x € RT. (13)
Now, we prove that the set
le{XeP: x =Tx + A\, )\20}

is bounded in P, where 6 € Py is a given element. Note that if there exists x € Wy, from
Lemma 5 we have
X € Fo. (14)

Moreover, A > 0 and ¢ € P, enable us to find

x(t) = (TX>(t)7 te [176]'

https://www.journals.vu.lt/nonlinear-analysis
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Therefore, we have
1 1

1/(p—1)
/Gﬁ (t,¢°) (/Ga(es,eT)f(eT,x(eT)) d7> ds

X7 (t) =

1

nt)P-1 P
B0 o ateate)

1 s 1 s - 1/(p—1) P«
> op-—1 [/ L(B)Gp(t.e*) (/P(O‘)Ga (c%e )f(eT7X(eT)) dT> ds}

I'(3) I(e)

(/B - 1) Nim
pa—1 e e
5| wr e [ [u.Ga 0 0D () T
11
20 )P L L d
+ Bt [ang (roxr) T (15)
1
This, together with (12)—(13), implies that
XP* (t) 2 &Q,B/Gﬂ,(x(tyT) |:~:ul Xp* (7.) _ dlllu/(P*l) g
Wa,p T
1
2y )P _ / _ dt
+ B ey )5 - 7 @) P 0) - 57§

1

Nonlinear Anal. Model. Control, 29(4):693-719, 2024
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e e

ds dn(s
— 1 / Gpalt, N (s) = + ()~ / X (s)%
1 1
dp*/(p 1)501 2p*—1
L b (Mmda2)P". (16)

C(@)l(B)  (B-1)r
Therefore, multiplying by dd,,, ., (t)/t on both sides of (16) and integrating over [1, €],
from (11) we obtain

e

/Xp* (t) dﬁl"l#’l (t)

t
1

>/e “1’"1 <u1/GM (t, s)x" )d—+(1 t)ﬂ—lul/exp*(s)dz(s)>

1 1

QNG gee [ 9 (1)
_{ Mot | (-1 <”md2)p]/ ot

1

1
/ s (8) <u1/G5ate) xP(e®)ds + (Int)? Vl/xp s)

/ 0
dP*/(P 1) o8 P« -1 Pa dﬁul V1 (t)
{ OO (Nmd2) ]/t

1 e’ e
P« (e® dd,, dd,, .
:/X (e)d<ul/dT/Gﬁa(t,7') #11;1 Vl/ lntﬁ 1 21, 1())
es ’
0

1 1 1

- dzf*/(pfl)@a’ﬁ gps—1 p*] dﬁm,w(t)
{ T@r) ' @-p / Tt

1
P« (@S . s
:/X ( )d(Lul l/]ﬂllflal/l)(e)
0

(S)

dP*/(P 1)Wocﬂ 217*_1 Da d’ﬁul,ul (t)
{ rrE - ) ]/ B

—

&G, 5 et A0y, 1, (t)
— ’ A )P MLV
{ Tt (-1 ) ]/ :

https://www.journals.vu.lt/nonlinear-analysis
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(1)
H17V1 /Xp* #1 -

1

dP*/(P 1)Wocﬁ 217*_1 . / d19 1,V1 (t)
{ rarG =T () ] /“f a7

Note that 9, ,, € P*\ {0}, and from the definition of the Riemann—Stieltjes integral we
have

€

d'l9 " 10* .
/x”* (t>“17’ — lim Z X Dprn (t) = Dy (ti-1)] =0 (18)

A—0
1
and
[ W)
/ Hlt : = )1\5% — f [19#1’1/1 (t ) 19/141,111 (tz 1)]
1 1=
1
2 g [’0#1,”1 (e) - 19#171/1(1ﬂ >0
forall divisions ¢;: 1 =tg < t1 < - <t 1 < t, =€, A= maxlgign(ti — tl;l),

57, [1 1, ]i_1727"'7n
Note that r(L* ) > 1, and from (17) we obtain

Hi1,V1
e A Den y 2 () e [¢ W O
/ p*(t)dﬂm,m(t) < [ OGRS (Dmda)P+] [ Lo t)
- o r(Bjn) 1 ~
From (14) we have
dp*/(P 1)"‘) 2P+ —1 e di,, ., (t)
P s ool o ) . s
[P(L5, 0y) = 1] f7 () (8- Psn )

This implies that W7 is a bounded set as required. Taking R; > sup Wj, when x €
OBpR, N P and A > 0, we obtain

X # Tx + o,
where Br, = {x € E: ||x|| < R:1}. Hence, Lemma 6 implies that
i(T, Bp, N P, P) =0. (19)

From (H4) there exists r; € (0, Ry) such that

by \
flt,x) < | = XPT,

wa,g
g(t,x) < (B = D) @2n) PP 0P e [1ye], x € [0,m1]-

(20)
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For this r1, we prove that
x# Xy, x€0B, NP \el0,1], 21)

where B, = {x € E: ||x|| < r1}. Suppose the contrary. Then there exist x € dB,, N P
and A € [0, 1] such that
x = \Tx.

This, together with (20), implies that

*

1 —1)/p* /(p—=1) Aqp
T(0)Ga(e®,e™) [ pia (r—1)/p bt
X </ T(a) Top X (e )dT ds
0

*

1 p
. Int)s-1 T “oe 1/p*
e l( 2 5 — 1)) O x(e’>dT]
0

p—-1 T
p"—1 / F(B)Gﬁ(tﬂes) / F(Q)Ga(esaeT) H2 e”)drds
<2 O/ T(3) O/[F(a)}p*/(p_l) 5. X () drd

" nt)P-1 e’ p* —p* *
st O [N (5 ] ) v () ar

e

:Mz/GB’a(t,s)xp*(s)% + (1nt)’3_1y2/17(s)xp*(s)

1

ds
S

(22)

Consequently, multiplying by dv,,, ., (t)/t on both sides of (22) and integrating over
[1,e], from (11) we have

e

/Xp* () dﬂuzt,uz (t)
1
< [l <u2 [ Goattosi” 95 + e ny [ n(s)xp*<s>(f>

https://www.journals.vu.lt/nonlinear-analysis
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e

1
W(MQ/GMM) “(e*) ds + (Int)?~ 1/2/77 *(es)d‘?)
0

1

1 . e’
D s

:/X (e)d<u2/dT/G5atT)dﬁ”2ty2 VQ/ £)8~ 1d19#21’2()>

e’

0 1

1

0/

1

’ [
d(L/,LQ 1/219“42»1’2) (e /,LQ VQ / /»“27”2 (es)
0

192 (1)
= (L}, /xp ’“ : (23)

Using a similar method as in (18), we have

e

/Xp* () A0y v, (t) > 0.

t
1

Note that (L7, ) < 1, and by (23) we have

H2,V2

[t
HOZX S [0t = D)) = [ 0Pz 0
1

Note that ¥,,, ,, € P*\ {0}, (24) holds for all divisions #;, so we obtain x? (t) = 0,
€ [1,e]. Hence, this contradicts x € 0B,, N P, and (21) holds. Therefore, Lemma 7

implies that
i(T, B, NP, P)=1. (25)

From (19) and (25) we have
i(T, (Br, \ B-,)N P, P) =T, Bg, NP, P)—i(T, B,,NP, P)=—

Therefore, the operator T has at least one fixed point in (Bg, \ B,,) N P. Thus, (1) has
at least one positive solution. This completes the proof. O

Theorem 2. Suppose that (H1)-(H2) and (H5)-(H6) hold. Then (1) has at least one
positive solution.

Proof. From (H5) there exists a sufficiently small 7, > 0 such that

113 (p—1)/p= .
fit,x) = (= X',

Wa,B
g(t,x) = (B — 1)20) PP/ P e [Le], x € [0,7a).

(26)
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For this r5, we prove that
X#TX+Ap, XE€0B, NP, A>0, 27)

where ¢ is a fixed element in P, and B,, = {x € E: |x|| < r2}. Suppose the contrary.
Then there exist x € dB,, N P, A > 0 such that

X =Tx + A,
and from (15), (26) we have

~ r ; d d
XP*(t) 2waﬁ//Gﬂ(t’S)GO‘(S’T)@Z?jﬁXp* (7_)77-?5
11
T - / * —Ps Londr
JrW(lnt)ﬁ 11/77(7-)(ﬂ1)p (2nm)1 Pe gy P (7_)7
/ ds 51 ; ds
— us/Gﬁ,a(t, s)xp*(s)? + (Int) Vg/n(s)xp*(‘s)?' 28)
' 1

Hence, multiplying by dv,,, ,,(t)/t on both sides of (28) and integrating over [1, €],
from (11) we have

e

/ Xp* (t) dﬁ#mvs (t)

t
1
/ dv,, 0, (t f ds _ / ds
> //“1;()<M3/G,37a(t,s)xp*(s)s—|—(1nt)”6 11/3/77(5))(‘1)*(5)8)
1 1 !
LT A9,y 0 (¢

= (T [ -9 Pemnld),

1

Using a similar method as in the proof of Theorem 1, note that (L}, ,.) > 1, and we
have
xP(t) =0, tellel.

This contradicts x € 0B,, N P, and (27) holds. Therefore, Lemma 6 implies that
i(T, B, NP, P) =0. (29)

From (H6) there exist d3, d4 > 0 such that

ol—p*/(p—1) (p—1)/p" B
f(taX) < (“) x? ! + ds,

g(t,x) < (B = 1)(Ann) PP Py 1 dy, e [l,e], x € RY.
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Now, we prove that the set Wy = {x € P: x = ATy, A € [0,1]} is bounded in P. Note
that if there exists x € W5, from Lemma 5 we have

x € Py. (30)
This implies that

1

/ng (t,es) (/Ga (es,eT)f(eT,X(eT)) dT) e ds

0

nt)f—1 1 v
PO st
0

X (1) <

*

1 1

1 [ T(B)Gs (@)Gale™eT) e /o) e Tds
- / T / T /en /7 () ard
p*— lnt a n(eT

1-p*/p—1 (p—1)/p"
e fetmfer (e
0 el

p"/(p—1)
+ dg) drds

1
§ B-1 T, o o « *
2 _1((51nt)1)p* [ (=14 O ) ]

1
; 21 p*/(p—1) ;
<o/ D-1g / /Ga P (e)drds
0 Wa
N op™/(p—1)—1 waﬁdg */(p—1)
L(a)T'(B)
1
e ()81 [pem) - . o .
4 4P t / nb (8 —1)P (477m)1 P yyxP (eT) dr
—1)p* m m
(B—-1) )
4p -1 .
+ W(Umdd

—M/Gﬁats ()52 + () /n<s>xp*<s>@

S

op™/(p—1)—175 b */(p—1) 4p"—1
a, 3 +
INCHINE) (B—1)p

+ —(mds)?". 31)
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Hence, multiplying by d¢,,, ,,(t)/t on both sides of (31) and integrating over [1,¢],
from (11) and the method used in the proof of Theorem 1 we have

t s

dd,., . (¢ f . d B
S/W<,u4/G57a(t,s)Xp (s)j+(lnt)5 Ly,
1

H\m »—A\m

<2p*/(p_1)_1wQ’Bd§*/(p_l) + 417*—1 (77 d4)p*>
T(a)T(3) (B =1

< r(L;4)V4)/Xp*(t)M
1

t

e

N (Qp*/<p1>1waﬁd§ B (nmd4)p*>/(w_
T(a)D(3) (B—1)¥ t

1

Note that (L7, ) < 1 and (30), we have

Ha,Vq

e

Jatnr

1

p* dﬂ;t4,l/4 (t) < /Xp* (t) dﬁu471’4 (t)
t 4
1

215%*1‘15“, ar’ /=D 4r" 1 [ Wy (©)
e + Gy (Imda)? ) J; =5
1—r(Ly, ) ’

Ha,V4

<

and thus

*

* * _
2p-1 ', pdf /P 4p* -1 “y [ Wngwg (1)
(@) + Gy (Imda)?7) J; =5

1= r(Lx,,)] [ (nt)E—Dpr Pesalt)

H4,V4

.
YES

This implies that W5 is a bounded set as required. Taking Ry > sup W5 and Ry > ro,
when x € dBg, N Pand X € [0, 1], we obtain

x # AT,
where Br, = {x € E: ||x|| < Rz}. Hence, Lemma 7 implies that
i(T, Bp, NP, P) = 1. (32)
From (29) and (32) we have
i(T, (Br, \ Br,) N P, P) =i(T, Bg, N P, P) —i(T, B;, NP, P) =1.
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Therefore, the operator T has at least one fixed point in (Bg, \ B,,) N P. This means
that (1) has at least one positive solution. This completes the proof. O

Now, we study the multiplicity of positive solutions to (1). Note that by Lemma 5, if
to € (1,e), then we have

T(P)Cpl,

where

Pr={xeP: min x(t)> Wt x| }.

te[t07e]
Theorem 3. Suppose that (H1)—(H2) and the following conditions hold:
(H7) There exist (1,(s > 0 with

5 op"+p*/(p—1)—2 g1 ne
= <1
Cl;Cz Cl [F(ﬁ)]p* [F(a)]p*/(p_l) + CQ (5 _ 1)p*
such that
t _ * t *
lim sup L’j) < C{p D27 im sup 9t x) < C;/p uniformly on t€[1,e];
x—+oo XP x—+o0 X

(H8) There exists d> 0and (3,Cq > 0 with

*

p*—1 7751
T L/ T gonr <!

op*—1

G

such that
f(taX) < Cépil)/p*gpﬂ’ g(t,x) < Ci/p*ga X € [O’Cﬂv e [lae];
(H9) There exist a with a > d and (s, Cs > 0 with

(Intg)B=Dp=p-—1
T [C@)P- [/

D
Intg) (B Dpegpet_Thn__
7+ Ce(Into) (B—I)P*>

such that

(p=1)/ps~p—1 1/pi~ ~ a
ftx) =G a’,  g(t,x) =G ayXEPmeWILtewd

Then (1) has at least three positive solutions.

Proof. From (H7) there exist ¢q, co > 0 such that

f(t,x) SCfpfl)/p X' e, gt x) <C§/p X+ca, te[lye]l, x eRT.
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Taking

/= 0gp +
@ @ /@D
1- 6(1;(2

*

cg* 4p* —1( Nm )p*
>

B—1

)

for || x| < ¢, we have

(Tx)" (t)

1 1 1/(p—1)
< l/Gg(t,es)(/Ga(es,eT)f(eT,X(eT))dT> ds

0

*

nt)?-1 / P
B0 Lol (@) dT]

0
1

1
< 2,3*_1/@5* (t,es)/Gé.’f/(p‘“(eS,eT)fp*“”‘”(eﬂx(eT))deS
0 0

+or7 7t {(lm)ﬁ_lr* /lnp* (€7)g” (€7, x(e7)) dr
0

B—1
o [ERGI P e
op"—1 |:(hﬂlt)/31—1:|p* l/enp* ()" (T,X(T))il
[r(g)]jf [;(:;]_p*/(p—l) 1/ 1/ (Clxp*(f)ﬂz;*/(p—l))d; %

5

* 1 (p=1) o 4p* / (p—1)—
Cf’l’/(l’ )2p+p/(p 1)-2 Nm

* * p
<0 + [T(B)]P" [T (a)]P"/(p=1) g 4 1 <5 - 1)
<P &9

This implies that T : Pz — Px.
For x € Py, define $(x) = mingep, ) X(t). Then 3 is a nonnegative continuous
concave functional on P, and the following inequality holds:

B(x) < max x(t) = ||x|, x€P.
te(l,e]
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If we take x(t) = (@ + a/(Into)?~1)/2 > @, then this x € {x € P(3,a,a/(Inty)?~1):
ﬂ( ) > @}. Consequently, we see that {x € P(3,a,a/(Intg)?~1): 5()() > a} # () and
B(Tx) > afor x € P(B,a,a/(Inty)?1). Moreover, for x € P(f,a,a/(Into)?~1),
B(x) > @, and we have

a = ~
(Into)P 1 > [Ixll = B(x) > a.

Therefore, by (H9) we obtain

[B(Tx)(t)]”

_ [ténttnc] { 0/1 G (t,e”) ( 0/1 Gale® &) (e x(e) dr> L
lnt /77 () dTHp*

/G@(e,es) (/Ga(es,eT)f(eT,X(eT)) dT)l/(pl)ds

P

> (ln to)(ﬁ—l)m

4 ﬁl_l/ln(eT)g(eT,X(eT)) dT]

> (In to)(ﬂ—l)p* gp«—1

1

s Gﬁ e, e’)]P+ / )]p*/(p_l) fp*/(p—l)(er,x(er))deS

x p*/<p 1)

O\H

0

+ (lnto)(ﬁ—l)p@p*—l G 711) / np;(eT)ngl*gp* (eT,X(eT)) dr

(Intg)B—Dp«gp-—1 . dr ds
= [0(B)]P [D()]p-/ =D / / 6

Int (13*1)17*2?**17/ .47
+(H 0) (ﬂ—l)p* CGa p
1
> aP~.

This implies that

B(Ty) >a
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Next, we assert that ||T'|| < d for ||y|| < d. In fact, if x € P, from (H8) and (33) we
have

(TP (1) < e [21)()1],; I //fp /=) (7 x(r ))g%
+2p*1<5nﬁll>p*/eg (r,x(r ))dTT

STOF ?(aﬂp 7o / / G TS e () / Gd”

<dr.

This shows that | Tx|| < d, and this implies that
T:f~% P; fory e P~.

Finally, we assert that if x € P(8,d, ¢) and ITx| > a/(Into)?~1, then B(TxX) > a.
To see this, if y € P(B,a,¢)and ||T'x|| > @/(Into)?~, then from Lemma 3(iiii) we have

dr \ds
BN —téﬁz?e]{/ Golts) </ Gl )

nt)f-1
+ (lﬁtzl/n(t)g(t X(t))it}

lnto (/Gg e,s) q<jGa(S,T)f(T,X(T))T>C29

+ &/n(ﬂﬂtx(ﬂ)?)

1
> (Into)” ||\
Consequently, we have

a ~
(ln to)'@_l

As a result, all the conditions of Lemma 9 are satisfied by taking b= a/(Intg)?~1.
Hence, T has at least three fixed points, i.e., (1) has at least three positive solutions y;
(z = 1,2, 3) such that

all <d, @<Blxz). and |xsll >d with 5(xs) <a
This completes the proof. O

Il
8

B(TX) 2 (Into)” M| Tx| > (Into)” "
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Now, we will provide some examples to verify our main results. Let = 1.5, 5 = 2.5,
p = 1.5t = e, n(t) = Int, (t) = tlnt —t + 2, ¢t € [1,e]. Then (H2) holds, and
we can calculate the following values: I'(a) = 0.89, I'(8) = 1.33, p. = 0.5, p* = 1,
Nm = 1, Wa,g = 0.82, W4 g = 1.12. From Lemma 4 we have

e
v

dt
* —1
r(L},,) = u/lnt(lnt)ﬂ bt (34)

1

Moreover, note that from Lemma 3(ii)—(iii) we obtain

r(LE ) \max{ /dT/GﬁatT +7(e V/lntﬁl }
s€[0,1]
<y u(e— DN
B D(@)L(B)
Example 1. Let py = 0.82,v; =4, po = 0.3, v, = 0.6, and

(35)

Int+1 Int+2
f(t7x)=Tx°'67 9(t,x) = —3 x>, telle], xeR".

)>1,r(L;,,,) <1, and

Then from (34)—(35) we have r(L*

H1,V1

Int41.0.6
t i
lim inf M = lim inf % = +o00,
x—+oo xP~ X—+00 X"
Int42 ., 2
t e brae
lim inf M = lim inf R S 400,
X—+00 X X—+o0o X
Int+1. 0.6
t, ) =
lim sup it }i) = lim sup % =0,
x—0+ Xp x—0t X
In¢+2. 2
t -
lim sup M = limsup —2 X 0
x—0t X x—0t X

uniformly on ¢ € [1, e]. These imply that (H1), (H3)—(H4) are satisfied.
Example 2. Let u3 =0.9,v1 =7, usg = 0.2, vy = 0.5, and
2Int+1 4 3lnt+2 4

f(tX):fX ’ g(taX):TX ) t€[17e]7X€R+'
Then from (34)—(35) we have (L7, ,.) > 1,7(L}, ) <1, and
2Int41,0.4
lim inf 1(t:x) = lim inf A 00,
x—0t+ xP~ 1 x—0+ XO'5
3Int42,,1/2
lim inf Lt’ X) = liminf —2— 2> X +00,
x—0+ X x—0+ X
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¢, 2Int+1 0.4
lim sup 1 j) = lim sup % =0,
x—+oo  XP X—+00 X

" 3Int+2 . 1/2
lim sup M = lim sup T S 0
x—+oo X X—+00 X

uniformly on ¢ € [1, e]. These imply that (H1), (H5)-(H6) are satisfied.

Example 3. Let a = 100, d=1, (1 =02,{( =07, =05, =07, = 122,
(¢ = 1.48, and

1nt+3x X €[0,1], t € [1,€],
fo = | B B o, e
; It | 50, X € [100,10000], t € [1, €],
lnt + 59X, x = 10000, t € [1,€],
%7 x €[0,1], t € [1,e],
sl = 4 2B B - B e [L100], ¢ e (1l
; 21nt 4 990, X € [100,1000], t € [1,e],
2Int | 990/ X = 1000, t € [1,¢].
Then
¢ lnt 5
(i) limsup i ﬁ) = limsup =——— * oYX =0,
x—+oo XP X—+00 VX
2Int
+22¢
lim sup %ﬂ =0 uniformly ont € [1, e]7
X—+o0
i) f(tx) <05 < V@t =011,
g(t,x) <07=¢""d, x €01, teL,e],
i) f(t,x) =50 > ¢ (p=1)/Pegp=1 _ 19 2,

g(t,x) =220 > §é/p*a =219, x €[100,282.85], t € [1,¢].
Consequently, (H1) and (H7)—(H9) hold.
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