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Abstract. A new model onRLCG transmissions lines is presented in the paper.
The model suits to be taken to directly simulating a circuit system in time-
domain. Mathematically, a circuit system with distributedelements may be
described by a special kind of nonlinear integral-differential-algebraic equations
with multiple constant delays.
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1 Introduction

It is known that the conductors of a circuit system should be regarded as trans-

mission lines for theoretical analysis and practical design in the recent high-speed

integrated circuit technology [1]. At relatively higher signal-speeds, transmission

line models based on quasi-transverse electro-magnetic mode (TEM) assumptions

are severely useful for circuit simulation [2]. The TEM approximation repre-

sents the ideal case. Often, from the system design point of view the solution to

Maxwell’s equations may be given by the so-called quasi-TEM modes, and itcan

be characterized by distributed parametersR, L, C, andG [3].

The simulation task is to compute the transient response of a circuit system

consisting of nonlinear devices interconnected by transmission lines. In theshort
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paper we establish a new model onRLCG transmission lines in time-domain. A

circuit system with distributed elements may be described by nonlinear integral-

differential-algebraic equations (IDAEs) with multiple constant delays suchthat

the general-purpose circuit simulators can be then used to solve the new equations

in theory.

2 Distributed models of RLCG transmission lines

In general, a transmission line is presented by Telegrapher’s equations.For an

RLCG transmission line system shown in Fig. 1, at timet (0 ≤ t ≤ Te) let

v(x, t) andi(x, t) respectively be voltage and current at pointx (0 ≤ x ≤ d). The

basic equations are

∂v(x, t)

∂x
+ L

∂i(x, t)

∂t
= −Ri(x, t),

∂i(x, t)

∂x
+ C

∂v(x, t)

∂t
= −Gv(x, t),

(1)

whereR is resistance,L is inductance,C is capacitance, andG is conductance for

unit length. The constantsR, L, C, andG are distributed parameters forRLCG

transmission line. IfR = 0 andG = 0, the transmission line is lossless, see [4].

x = 0

i (x, t)

v (x, t)
x = d

Fig. 1. AnRLCG transmission line.

Let LC = 1/ν2 whereν is velocity of signal propagation,τ = d
ν

which is

the delay of a signal going fromx = 0 to x = d, andz0 =
√
L/C which is the

characteristic impedance. We now write (1) in matrix form as follows

∂U(x, t)

∂x
+ Ã

∂U(x, t)

∂t
= B̃ U(x, t), (2)
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whereU(x, t) =
[
v(x, t), i(x, t)

]t
, and

Ã =

[
0 L
C 0

]
, B̃

[
0 −R

−G 0

]
.

Obviously, we have

TÃT−1 =

[
λ 0
0 −λ

]
,

whereλ =
√
LC and

T =
1

2

[
1 z0
1 −z0

]
, T−1 =

[
1 1
1

z0
− 1

z0

]
. (3)

We let Ũ(x, t) = TU(x, t) whereŨ(x, t) =
[
Ũv(x, t), Ũi(x, t)

]t
, from (2)

we have

∂Ũ(x, t)

∂x
+ D̃

∂Ũ(x, t)

∂t
= ẼŨ(x, t),

whereD̃ = TÃT−1 andẼ = TB̃T−1. Namely,

∂Ũv(x, t)

∂x
+ λ

∂Ũv(x, t)

∂t
=

(
ẼŨ(x, t)

)
1
,

∂Ũi(x, t)

∂x
− λ

∂Ũi(x, t)

∂t
=

(
ẼŨ(x, t)

)
2
,

(4)

where
(
ẼŨ(x, t)

)
1

and
(
ẼŨ(x, t)

)
2

are the two elements of̃EŨ(x, t). The

above partial differential equations (PDEs) can be further expressed as a form

of integral equations with constant delay by the method of characteristics (MC),

see [5].

First, we construct two characteristic lines as follows

l+ :
dt

dx
= λ,

l− :
dt

dx
= −λ.

In other words, the linesl+ andl− are defined byt − λx = c andt + λx = c,

wherec is some constant. For any point(x, t), we integrate the first equation and
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the second equation of (4) along the linesl+ andl− respectively from(0, t− λx)

and(0, t+ λx). Thus,

Ũv(x, t) = Ũv(0, t− λx) +

∫

l+

(
ẼŨ(x, t)

)
1
dl

= f(t− λx) +

x∫

0

(
ẼŨ

(
l, t− λ(x− l)

))

1
dl,

Ũi(x, t) = Ũi(0, t+ λx) +

∫

l−

(
ẼŨ(x, t)

)
2
dl

= g(t+ λx) +

x∫

0

(
ẼŨ

(
l, t+ λ(x− l)

))

2
dl,

(5)

wheref andg are two continuously differentially initial functions.

Based on (5), bỹE = TB̃T−1 andŨ = TU we have

TU(x, t) =

[
f(t− λx)
g(t+ λx)

]
+

x∫

0

[(
TB̃U

(
l, t− λ(x− l)

))
1(

TB̃U
(
l, t+ λ(x− l)

))
2

]
dl. (6)

Since

TB̃U =
1

2

[
−z0G −R
z0G −R

] [
v
i

]
= −

1

2

[
z0Gv +Ri
−z0Gv +Ri

]
, (7)

from (6) we have

f(t−λx) =
1

2

[
v(x, t) + z0i(x, t)

]

+
1

2

[
z0G

x∫

0

v
(
l, t−λ(x−l)

)
dl+R

x∫

0

i
(
l, t−λ(x−l)

)
dl

]
,

g(t+λx) =
1

2

[
v(x, t) − z0i(x, t)

]

−
1

2

[
z0G

x∫

0

v
(
l, t+λ(x−l)

)
dl−R

x∫

0

i
(
l, t+λ(x−l)

)
dl

]
.

(8)
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Let x = d in the second equation of (8), it follows

g(t+ λd) =
1

2

[
v(d, t) − z0i(d, t)

]
−

1

2

[
z0G

d∫

0

v
(
l, t+ λ(d− l)

)
dl

−R

d∫

0

i
(
l, t+ λ(d− l)

)
dl

]
.

Let x = 0 in the first equation of (8) and sett = t − λd in the above expression,

by λd = τ we can arrive at

f(t) =
1

2
WB(t),

g(t) =
1

2
WA(t− τ) −

1

2

[
z0G

d∫

0

v(l, t− λl)dl −R

d∫

0

i(l, t− λl)dl

]
,

(9)

where the new functionsWA andWB are defined as

WA(t) = v(d, t) − z0i(d, t), WB(t) = v(0, t) + z0i(0, t). (10)

Now, by (6), (7), and the form ofT−1 in (5) we know

v(x, t) = f(t− λx) + g(t+ λx)

−
z0G

2

x∫

0

[
v
(
l, t− λ(x− l)

)
− v(l, t+ λ(x− l)

)]
dl

−
R

2

x∫

0

[
i
(
l, t− λ(x− l)

)
+ i

(
l, t+ λ(x− l)

)]
dl,

i(x, t) =
1

z0

[
f(t− λx) − g(t+ λx)

]

−
G

2

x∫

0

[
v
(
l, t− λ(x− l)

)
+ v

(
l, t+ λ(x− l)

)]
dl

−
R

2z0

x∫

0

[
i
(
l, t− λ(x− l)

)
− i

(
l, t+ λ(x− l)

)]
dl.
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Then, by (9) it further deduces

v(x, t) =
1

2
WA(t− τ + λx) +

1

2
WB(t− λx)

−
z0G

2

[ x∫

0

v
(
l, t− λ(x− l)

)
dl +

d∫

x

v
(
l, t+ λ(x− l)

)
dl

]

−
R

2

[ x∫

0

i
(
l, t− λ(x− l)

)
dl −

d∫

x

i
(
l, t+ λ(x− l)

)
dl

]
,

i(x, t) = −
1

2z0
WA(t− τ + λx) +

1

2z0
WB(t− λx)

−
G

2

[ x∫

0

v
(
l, t− λ(x− l)

)
dl −

d∫

x

v
(
l, t+ λ(x− l)

)
dl

]

−
R

2z0

[ x∫

0

i
(
l, t− λ(x− l)

)
dl +

d∫

x

i
(
l, t+ λ(x− l)

)
dl

]
,

0 ≤ x ≤ d, 0 ≤ t ≤ Te.

(11)

Based on the second equation of (11), byλd = τ we also have

i(0, t) = −
1

2z0
WA(t− τ) +

1

2z0
WB(t)

+
G

2

d∫

0

v(l, t− λl)dl −
R

2z0

d∫

0

i(l, t− λl)dl,

i(d, t) = −
1

2z0
WA(t) +

1

2z0
WB(t− τ)

−
G

2

d∫

0

v(l, t− τ + λl)dl −
R

2z0

d∫

0

i(l, t− τ + λl)dl.

By use of the expressions onWA(t) andWB(t) in (10), for t ∈ [0, Te] we obtain
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the currents at the near and far ends of the line as

i(0, t) =
1

z0
v(0, t) −

1

z0
WA(t− τ)

+G

d∫

0

v(l, t− λl)dl −
R

z0

d∫

0

i(l, t− λl)dl,

i(d, t) = −
1

z0
v(d, t) +

1

z0
WB(t− τ)

−G

d∫

0

v(l, t− τ + λl)dl −
R

z0

d∫

0

i(l, t− τ + λl)dl.

(12)

This is a basic characteristic forRLCG transmission lines.

From (12), fort ∈ [0, Te] we also have the voltages at the near and far ends

of the line as

v(0, t) = z0i(0, t) +WA(t− τ)

− z0G

d∫

0

v(l, t− λl)dl +R

d∫

0

i(l, t− λl)dl,

v(d, t) = −z0i(d, t) +WB(t− τ)

− z0G

d∫

0

v(l, t− τ + λl)dl −R

d∫

0

i(l, t− τ + λl)dl.

(13)

To combine (10) and (13), we further arrive at

WA(t) = 2v(d, t) −WB(t− τ)

+ z0G

d∫

0

v(l, t− τ + λl)dl +R

d∫

0

i(l, t− τ + λl)dl,

WB(t) = 2v(0, t) −WA(t− τ)

+ z0G

d∫

0

v(l, t− λl)dl −R

d∫

0

i(l, t− λl)dl.
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3 A general form of circuit equations with distributed elements

We first see two simple circuits withRLCG transmission lines. For the basic

circuit with distributed elements shown in Fig. 2, its circuit equations are

c1
dv1(t)

dt
= g1(e− v1)(t) −

1

z0
v1(t) +

1

z0
WA(t− τ)

−G

d∫

0

v(l, t− λl)dl +
R

z0

d∫

0

i(l, t− λl)dl,

c2
dv2(t)

dt
= −g2(v2)(t) −

1

z0
v2(t) +

1

z0
WB(t− τ)

−G

d∫

0

v(l, t− τ + λl)dl −
R

z0

d∫

0

i(l, t− τ + λl)dl,

WA(t) = 2v2(t) −WB(t− τ)

+ z0G

d∫

0

v(l, t− τ + λl)dl +R

d∫

0

i(l, t− τ + λl)dl,

WB(t) = 2v1(t) −WA(t− τ)

+ z0G

d∫

0

v(l, t− λl)dl −R

d∫

0

i(l, t− λl)dl,

v(x, t) =
1

2
WA(t− τ + λx) +

1

2
WB(t− λx)

−
z0G

2

[ x∫

0

v
(
l, t− λ(x− l)

)
dl+

d∫

x

v
(
l, t+ λ(x− l)

)
dl

]

−
R

2

[ x∫

0

i
(
l, t− λ(x− l)

)
dl−

d∫

x

i
(
l, t+ λ(x− l)

)
dl

]
,

i(x, t) = −
1

2z0
WA(t− τ + λx) +

1

2z0
WB(t− λx)

−
G

2

[ x∫

0

v(l, t− λ(x− l)
)
dl−

d∫

x

v
(
l, t+ λ(x− l)

)
dl

]

−
R

2z0

[ x∫

0

i
(
l, t− λ(x− l)

)
dl+

d∫

x

i
(
l, t+ λ(x− l)

)
dl

]
,
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v(0, t) = v1(t), v(d, t) = v2(t), 0 ≤ x ≤ d, 0 ≤ t ≤ Te,

whereg1 andg2 are nonlinear functions.

+

e(t)

v
1 

(t) v
2 

(t)

c
1

c
2 g

2

g
1

W
A 

, W
B 

,  z
0

x = 0 x = d

v (x, t)

i (x, t)

Fig. 2. A circuit withRLCG transmission lines.

Another distributed circuit is shown in Fig. 3. Its circuit equations are de-

scribed by IDAEs with multiple constant delays,

c1
dv1(t)

dt
= −

( 1

R1

+
1

z01

)
v1(t) +

1

z01
WA1(t− τ1)

−GW1

d1∫

0

vW1(l, t− λ1l)dl +
RW1

z01

d1∫

0

iW1(l, t− λ1l)dl +
e(t)

Re
,

c2
dv2(t)

dt
= −

( 1

z01
+

1

z02

)
v2(t) +

1

z01
WB1(t− τ1) +

1

z02
WA2(t− τ2)

−GW1

d1∫

0

vW1(l, t− τ1 + λ1l)dl −
RW1

z01

d1∫

0

iW1(l, t− τ1 + λ1l)dl

−GW2

d2∫

0

vW2(l, t− λ2l)dl +
RW2

z02

d2∫

0

iW2(l, t− λ2l)dl,

c3
dv3(t)

dt
= −

( 1

Rf

+
1

z02

)
v3(t) +

1

z02
WB2(t− τ2)

−GW2

d2∫

0

vW2(l, t− τ2 + λ2l)dl −
RW2

z02

d2∫

0

iW2(l, t− τ2 + λ2l)dl,

WA1(t) = 2v2(t) −WB1(t− τ1)

+ z01GW1

d1∫

0

vW1(l, t− τ1 + λ1l)dl +RW1

d1∫

0

iW1(l, t− τ1 + λ1l)dl,
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WB1(t) = 2v1(t) −WA1(t− τ1)

+ z01GW1

d1∫

0

vW1(l, t− λ1l)dl −RW1

d1∫

0

iW1(l, t− λ1l)dl,

WA2(t) = 2v3(t) −WB2(t− τ2)

+ z02GW2

d2∫

0

vW2(l, t− τ2 + λ2l)dl +RW2

d2∫

0

iW2(l, t− τ2 + λ2l)dl,

WB2(t) = 2v2(t) −WA2(t− τ2)

+ z02GW2

d2∫

0

vW2(l, t− λ2l)dl −RW2

d2∫

0

iW2(l, t− λ2l)dl,

vW1(x, t) =
1

2
WA1(t− τ1 + λ1x) +

1

2
WB1(t− λ1x)

−
z01GW1

2

[ x∫

0

vW1

(
l, t− λ1(x− l)

)
dl +

d1∫

x

vW1

(
l, t+ λ1(x− l)

)
dl

]

−
RW1

2

[ x∫

0

iW1

(
l, t− λ1(x− l)

)
dl −

d1∫

x

iW1

(
l, t+ λ1(x− l)

)
dl

]
,

iW1(x, t) = −
1

2z01
WA1(t− τ1 + λ1x) +

1

2z01
WB1(t− λ1x)

−
GW1

2

[ x∫

0

vW1

(
l, t− λ1(x− l)

)
dl −

d1∫

x

vW1

(
l, t+ λ1(x− l)

)
dl

]

−
RW1

2z01

[ x∫

0

iW1(l, t− λ1(x− l)
)
dl +

d1∫

x

iW1(l, t+ λ1(x− l)
)
dl

]
,

vW2(y, t) =
1

2
WA2(t− τ2 + λ2y) +

1

2
WB2(t− λ2y)

−
z02GW2

2

[ y∫

0

vW2

(
l, t− λ2(y − l)

)
dl +

d2∫

y

vW2

(
l, t+ λ2(y − l)

)
dl

]

−
RW2

2

[ y∫

0

iW2

(
l, t− λ1(y − l)

)
dl −

d2∫

y

iW2

(
l, t+ λ2(y − l)

)
dl

]
,
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iW2(y, t) = −
1

2z02
WA2(t− τ2 + λ2y) +

1

2z02
WB2(t− λ2y)

−
GW2

2

[ y∫

0

vW2

(
l, t− λ2(y − l)

)
dl −

d2∫

y

vW2

(
l, t+ λ2(y − l)

)
dl

]

−
RW2

2z02

[ y∫

0

iW2

(
l, t− λ2(y − l)

)
dl +

d2∫

y

iW2

(
l, t+ λ2(y − l)

)
dl

]
,

vW1(0, t) = v1(t), vW1(d, t) = v2(t),

vW2(0, t) = v2(t), vW2(d, t) = v3(t),

0 ≤ x ≤ d1, 0 ≤ y ≤ d2, 0 ≤ t ≤ Te,

whereRWj , LWj , CWj , GWj (j = 1, 2) are respectively the distributed parame-

ters of the first and second lines, andλj =
√
LWjCWj (j = 1, 2).

+

c
1

v
1
(t) v

3
(t)

c
2

x = d
1

c
3

v
2
(t)R

e

R
f

e(t)

W
A1

,  W
B1

,  z
01

W
A2

,  W
B2

,  z
02

y = 0x = 0 y = d
2

i
W1 

(x, t) i
W2 

(y, t)

v
W1 

(x, t) v
W2 

(y, t)

Fig. 3. A circuit with multipleRLCG transmission lines.

Thus, the general form of equations on a circuit system withRLCG transmis-

sion lines should be a system of nonlinear IDAEs with multiple constant delays

as follows

C(t)
dx(t)

dt
+G

(
x(t), t

)
+DW (t− τ)

+ E

d∫

0

y(l, t− λl)dl + F

d∫

0

y(l, t− τ + λl)dl = b(t), (14)
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Ax(t) +W (t) +BW (t− τ)

+H

d∫

0

y(l, t− λl)dl + L

d∫

0

y(l, t− τ + λl)dl = 0, (15)

y(l, t) + PW (t− λl) +QW (t− τ + λl)

+M

l∫

0

y
(
r, t− λ(l − r)

)
dr +N

d∫

l

y
(
r, t+ λ(l − r)

)
dr = 0, (16)

y(0, t) = S1x(t), y(d, t) = S2x(t), y(l, θ) = ψ(l, θ), for − τ ≤ θ < 0,

x(0) = x0, W (θ) ≡ ϕ(θ), for − τ ≤ θ < 0,

0 ≤ l ≤ d, 0 ≤ r ≤ l, t ∈ [0, Te],

whereC(·) ∈ R
n×n is a matrix-valued function,A,S1, S2 ∈ R

2m×n,D,E, F ∈
R

n×2m, B,H,L, P,Q,M,N ∈ R
2m×2m, G(·, ·) ∈ R

n is a nonlinear function,

and for anyt andl the functionsx(t) ∈ R
n, y(l, t− τ),W (t− τ) ∈ R

2m are to

be computed in which

y(l, t− τ) =
[
v1(l1, t− τ1), i1(l1, t− τ1),

· · · , vm(lm, t− τm), im(lm, t− τm)
]t
,

W (t− τ) =
[
WA1(t− τ1),WB1(t− τ1),

· · · ,WAm(t− τm),WBm(t− τm)
]t
,

wherel = [l1, · · · , lm]t andτ = [τ1, · · · , τm]t. Further,λ = [λ1, · · · , λm]t > 0,

d = [d1, · · · , dm]t > 0, τ = λd = [τ1, · · · , τm]t > 0, whereτj = λjdj

(j = 1, · · · ,m), r = [r1, · · · , rm]t, andλl = [λ1l1, · · · , λmlm]t.

For the above circuit system,b(·) ∈ R
n is a known input vector function,x0

is an initial value, andϕ(θ) andψ(l, θ) are initial states of theRLCG transmission

line system such that

ϕ(θ) =
[
WA1(θ1),WB1(θ1), · · · ,WAm(θm),WBm(θm)

]t
,

ψ(l, θ) =
[
v1(l1, θ1), i1(l1, θ1), · · · , vm(lm, θm), im(lm, θm)

]t
,

in which−τj ≤ θj < 0 (1 ≤ j ≤ m). In practical application the initial values
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x0,W (0) are consistent, that is,

Ax0 +W (0) +BW (−τ) +H

d∫

0

y(l,−λl)dl + L

d∫

0

y(l,−τ + λl)dl = 0.

Moreover, by invoking the property of transmission lines we should also

assume that the form ofB in (15) is a block diagonal matrix such that

B =



Id 0

. ..
0 Id


 ∈ R

2m×2m,

whereId =

[
0 1
1 0

]
. For the lossless case (R = G = 0), the mathematical model

and its relaxation solutions in function space are provided in [4].

4 Summary

We have presented a new time-domain model onRLCG transmission lines. The

circuit system with distributed elements is described by nonlinear integral-dif-

ferential-algebraic equations with multiple constant delays. In theory, the new

approach directly leads to solution of the circuit system in time-domain and the

general-purpose circuit simulators can be then used to solve the system.
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