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Abstract. The existence of maximal and minimal positive solutions for singular infinite-point
p-Laplacian fractional differential equation is investigated in this paper. Green’s function is derived,
and some properties of Green’s function are obtained. Based upon these properties of Green’s
function, the existence of maximal and minimal positive solutions is obtained, and iterative schemes
are established for approximating the maximal and minimal positive solutions.
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1 Introduction

In this paper, we consider the following singular infinite-point p-Laplacian fractional
differential equations:

¢p(Dgyu(t)) + f(t,u(t), Dhyu(t) =0, 0<t<1,

u(0)=0, i=0,1,2,...,n—2, W

DBLu(1) = n;DEu(;),
j=1
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where o, g, p1,p2 € RY (RT = [0,40)),n—1<a<nn>3neN),0<u<
n—2,1n 200<&§E <& < <G <G <o <1 o= 12000,
dp(s) = [s[P7%s,p > 1, (¢p) ™" = ¢g, 1/p+1/q = 1, p1,p2 € [2,n — 2], p2 < p1,
f(t,z,y) may be singular at t = 0, and D, D', Dy}, D{% are the standard Riemann—
Liouville derivative. The existence of maximal and minimal positive solutions is obtained
by iterative sequence for the boundary value problem (1) under certain conditions.

During the last decades, boundary value problems of nonlinear fractional differential
equations constitutes a new and important branch of differential equation theory and has
attracted great research efforts worldwide, and it is a valuable tool for simulating many
phenomena in various fields such as fluid flows, electrical networks, rheology, biology,
chemical physics, and so on. In order to solve practical problems, the existence of positive
solutions for many types of fractional differential equations is investigated. For more
details, the reader is referred to [1-5,7, 8, 10-18,21-30] and the references therein. For
some differential equation in which fractional derivatives are involved in the nonlinear
terms, reader can refer to [2,7, 8], and when values at infinite points are involved in the
boundary conditions, we refer the reader to [7, 8, 24] and the references therein. Later,
due to the need of practical problems, the p-Laplacian operator is introduced into some
boundary value problems, and about p-Laplacian fractional differential equation we refer
the reader to [5, 17, 18, 25] for some relevant work. In [24], the author considered the
following fractional differential equation:

D§ u(t) +g(t) f(tu(t)) =0, 0<t<]1,
u(0) =/ (0) = -+ = ul""2(0) =0,

u(1) = 3" agu(g;),

wherea € RY,n—1 < a <n,n>3,i¢€[l,n—2]is a fixed integer, a; > 0,0 <
1< < <E << <1(=1,2,...), fis allowed to have singularities
with respect to both time and space variables. Various theorems were established for the
existence and multiplicity of positive solutions. In [19], the author discussed the existence
and multiplicity of positive solutions of the following problem:

D§u(t) = a(t) f(t,ut)), te(0,1),

u(0) = «/(0) =0, u(l) = Z Biu(&s),

wherea € RT,2 < a < 3,m > lisinteger, 3; > 0for1 <i<m,0< & <& <
< & < 1,0 B < 1, a(t) € L[0, 1] is nonnegative and not identically zero
on any compact subset of (0, 1), f : [0, 1] x [0, +00) — [0, +00) is continuous and D,
is the Riemann—Liouville differential fractional derivative of order . Some results on the
existence and multiplicity of positive solutions were obtained by the fixed point theorem.
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Maximal and minimal positive solutions for singular boundary value problems 853

In [18], the authors considered the following fractional differential equation:
¢p (D u(t)) + f(t,u(t)) =0, 0<t<1,
u(0) = u'(0) = /(1) =0,

where a € RY,2 < a < 3, ¢,(s) = [s[P2s,p > 1, (¢p) L =g, I/p+1/g=1, f:
[0,1] x [0,400) — [0, +00) is continuous, and D, is the standard Riemann—Liouville
derivative.

Motivated by the results above, in this paper, we investigate the existence of positive
solutions for a class of infinite-point singular p-Laplacian fractional differential equations.
p-Laplacian fractional differential equation is a type of equation that is very wide, and the
general equation are special cases of p-Laplacian equation. Compared with [24,29], the
fractional-order derivatives are involved in the nonlinear term and boundary condition,
and at the same time, iterative solutions are obtained by iterative sequences. Compared
with [19], values at infinite points are involved in the boundary conditions of the boundary
value problem (1), and the nonlinearity is singular, that is, f(¢,u,v) is allowed to be
singular at t = 0. Compared with [7], we do not only obtain the existence of positive so-
lutions, but we also establish iterative sequences to approximate the maximal and minimal
positive solutions.

2 Preliminaries and lemmas

Some basic definitions and lemmas, which will be used in the proof of our results and can
also be found in the recent literature such as [9, 20], we omit some here.
Now we list a condition below to be used later in the paper.

(HO) f:(0,1] x RT x RT — R, and there exists a constant 0 < ¢ < 1 such that
t7¢q(f(t, o, 21)) is continuous on [0, 1] x RT x R*.

Lemma 1. (See [9,20].) Assume that u € C™[0, 1], then
e DS u(t) = u(t) + Crt® ™t + Cot® 2 4o+ Cpt™ ™™,
where n is the least integer greater than or equal to o, C; € R (i =1,2,...,n).

Lemma 2. (See [6, Thm. 1.2.7].) Let H C C[J, E), then H is a relatively compact set if
and only if

(i) H' is equicontinuous, and H'(t) is a relatively compact set for any t € J on E}
(i) There exists to € J such that H (to) is a relatively compact set on E.

Lemma 3. Giveny € L'[0,1] N C(0,1), then the solution of the BVP
ép(DiLu(t)) +y(t) =0, 0<t<1,
u0)=0, i=0,1,2,...,n—2,

N )
DRLu(l) =Y n; DB u(g))
j=1

Nonlinear Anal. Model. Control, 23(6):851-865
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can be expressed by

1
/Gts¢q s))ds, tel0,1], 3)
0
where
C(a)t* 1P(s)(1 — s)¥ P11t — A(t — 5)~ L
Glt.s) 1 0<s<t<1, “
yS) =
AT(a) | D(a)t* tP(s)(1 — ) P11,
0<t<s<1,
in which
1 1 & —s\ 2! _
P = — . J 1 _ P1 p27
(5) MNa—p1) T(a—po) s%;jn](ls> (1-s)
I'(a) Ila) < —pa—1
A = _ P2 )
Ma—p1) T(a—p2) ;m@

and obviously, G(t, s) is continuous on [0,1] x [0, 1].
Proof. By means of Lemma 1, we reduce (2) to an equivalent integral equation
u(t) = ~Ig- dq (y (1)) + Crt* ™ 4+ Cot® ™2 -+ Ot "

for C; e R(i=1,2,...,n). Fromu®(0) =0( =0,1,2,...,n — 2) we have C; = 0
(1 =12,3,...,n). Consequently, we get

ult) = Cat*™ — I gy ().

By some properties of the fractional integrals and fractional derivatives, we have

r
D) = i S = ()
o)
r
DRal) = Cugg 2 = 5 6n(0).

On the other hand, D} u(1) = 3272, 1; D¢ u(€;), and combining with (5), we get

(&

1—g)e—pri-l j_s(xpgl
(F(alpl)A Z’?j/ 3 a_>p2)A ¢q<y(s)) ds

(1 — s)a—A;m—lP(S) qbq(y(s)) ds,

S O~ _
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where

_ 1 _ 1 ) § —s o — g)P1—Pp2
P(S)*I—\(a_pl) F(Oz—pz) an(l_s> (1 ) 9

s<§;

_ T(a) _ P(@) < ga—p2—1
A_F(Oz—pl) F(a_pg);ngfj .

Hence,

u(t) = Ot~ — IS dq (y(t))

t

_ s a—1 ! — 3 a—p1—lia—1 s
[ A sy as+ [ BT ) as
0 0

T(a)A
Therefore,
Git.s) 1 T(a)t* 1P(s)(1 —s)¥ Pt — At —s)*"1 0<s<t<,
’S =
AT (@) | D(a)t* 1 P(s)(1 — )@ P11, 0<t<s<1,
and

. te =1 (@) P(s) (1 — s)@ it — A(t — s)— 17k,
o == 0<s<t<l,
Dy, G(t,s) AT(a — 1) s (6)
to 1=, () P(s)(1 —s)e =1 0<t<s< 1.

It is easy to check that G(t,s) and Df, G(t,s) are uniformly continuous on [0, 1] x
[0,1]. O

Lemma 4. Let A > 0, then the Green function (4) has the following properties:

At 1= s)* 1= (1 - 5)P]

< AT(@)G(t,5) < T(a)t* ' P(s)(1 — s)* 771, @)
AR — )P — (1 — )P
< AD(o— p) D, G(t, s) < T(a — p)t*  HP(s)(1 — s)* P71 8)
Proof. Let
ta—l 1— a—p1—1 _ t — a—l, 0< <t<1,
Guto = L[ (-9 :
D(a) |to—1(1 —s)a—pm—1, 0<t<s<l.
From [10], for p; € [2,n — 2], we have
0<t* M1 —s8)* 71— (1—s)"] <T()Golt, s)
<t (1 =)l 9)

Nonlinear Anal. Model. Control, 23(6):851-865
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By direct calculation, we get P'(s) > 0, s € [0, 1], and so, P(s) is nondecreasing with
respect to s. For po < p1, p1,p2 € [2,n— 2], s € 0,1], we get

. a—pa—1
F(a)P(s) _ F(OZ> . F(a) Z i (51]_ , ) (1 _ S)p1—172

F(a—p1) T(a—p2) =

= I(a)P(0) = F((g(f)pl) - F(z(f)m) ang}kprl =4, (10)

by (4) and (10), we have

A1 =)l At —s)eh 0<s<t <,
Al (o)G(t, s) = (11
A1 — gy Pl 0<t<s<1,
by (9) and (11), we have
AT (@)G(t, 8) = AT(«)Go(t, s)
> At (1= s)* 1= (1 - s)P. (12)

Clearly, AT(a)G(t,s) < T(a)t* 1P(s)(1—s)*"P1=1. So, the proof of (7) is completed.
Similarly, (8) also holds.
Let E = {u(t): u(t) € C[0,1], Dy, u(t) € C[0,1]} be a Banach space with the norm

Hu ||fmax{max ’u ’, maXD |u |},
t€[0,1] t€(0,1]

and E is endowed with an order relation u < v if u(t) < v(t), Df,u(t) < Df,v(t).
Moreover, we define a cone of E by

K ={ueE:u(t)>0, Di u(t) >0, tel0,1]},

and define an operator

1
/Gt $)pq(f (s,u(s), Dl u(s)))ds, u € K.
0

Problems (1) has a positive solution if and only if « is a fixed point of A in K. O

Lemma 5. The operator A : K — E is continuous.

Proof. First, for u € P, by the continuity of G(t, s), 57 ¢q(f(s,u(s), Df u(s))), and the

o

integrability of s77,

/Gtsqbq ,u(s), Db u(s)))ds, ue€K,
0
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Maximal and minimal positive solutions for singular boundary value problems 857

is well defined on K. Thus, it follows from the uniform continuity of G(¢, s) on [0, 1] x
[0,1] and

|Au(tz) — Au(ty)| < / |G(ta, s) — G(t1,8)|s™7s7dq(f(s,u(s), D, u(s))) ds
0

that Au € C[0,1], u € K. Furthermore, by the uniform continuity of D, G(t, s), for
t,s €0, 1], we get

DY, (Au)(t /D(’]ﬁGt $)64(f (s, u(s), DI, u(s))) ds € C[0, 11.

Let up,u € K, u, — uin E. Since G(t, s), D{j, G(t, s) is uniformly continuous, there
exists M > 0 such that

max{G(t,s), D}, G(t,s)} <M, t,s€][0,1].

On the other hand, since u,, — u in C1[0, 1], there exists A > 0 such that |lu,| < A
(n =1,2,...), and then |lu|| < A. Furthermore, s”dq(f(s,zo,21)) is continuous on
[0, 1] xRT xR*, s0, 57 ¢4 (f(s, 20, 1)) is uniformly continuous on [0, 1] x [0, A] x [0, A].
Hence, for any € > 0, there exists & > 0 such that for any s1, 52 € [0, 1], 2}, 23, 2}, 2% €
[0, A, |s1 — s2| < 6, |x§ — 2| < 4, |v] — 23] < &, we have

‘s‘f(bq( (sl,xo,aﬁl)) sngq(f(sQ,x%,x%))’ <e. (13)
By ||uy, — u|| — 0, for the above § > 0, there exists N such that for all n > N, we get
|un (t) — u(t)|, | Dby un(s) — D u(s)] < |lup —ull <& foranyt € [0,1].

Hence, for any ¢ € [0, 1], n > N, by (13), we derive

[t g (£ (t, un(t), Dby un(t)) — t7¢q (f (£, u(t), D u(t)))] <e. (14)
Thus, forn > N, t € [0, 1], by (14), we have

| (Aun) () — (Au)(t)]

/G(t, $)yg (f(s, un(8), Dg+un(s))) ds

/G (t,5)pq(f(s,u(s), DE u(s))) ds

0
/ G(t, )57 (57 g (f (s, un(s), Dy un(s)))
0

= 570q(f (s, uls), Dy u(s)))) ds

Nonlinear Anal. Model. Control, 23(6):851-865
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and

1
<M 577 (5700 (15,1005, D 1 (4)
0

— 57¢, (f(s7 u(s), Dg+u(s)))) ds

1
Ms/s_"ds
0

N

|D6L+ (Auy )(t) — DIQL+ (Au)(t) |

1

/DngG(t, 5)dq (f (s, un(s), D un(s))) ds

—/Dg+G(t,s)¢q(f(s,u(s),Dg+u(s)))ds

0
/D6‘+G(t, s)s— ¢ (s"d)q (f(s, un($), Dg+un(s)))
0

— 57¢4(f(s,u(s), Dh,u(s)))) ds

< M/Sig(sgqu(f(svun(s)aD6L+Un(3)))
0

—57¢4(f(s,u(s), Dh,u(s)))) ds

< Ms/s“’ds,
0

L. Guo, L. Liu

and hence, we get || Au, — Aullo — 0, || D\ (Au,) — Df, (Au)llo — 0 (n — oc). That
is, || Au,, — Aul| = 0(n — o), namely, A is continuous in the space E.

Lemma 6. A: K — K is completely continuous.

O

Proof. From Lemma 4 we have (Au)(t) > 0,Dy, (Au)(t) > 0, t € [0,1], hence
A(K) C K. Now we will prove that AV is relatively compact for bounded V' C K.
Since V' is bounded, there exists D > 0 such that for any v € V, ||u|| < D, and by the
continuity of t%¢,(f(t,zo, 1)) on [0, 1] x [0, D] x [0, D], there exists C' > 0 such that

https://www.mii.vu.lt/NA



Maximal and minimal positive solutions for singular boundary value problems 859

|s7dq(f(s,u(s), Diu(s)))] < Cfors € [0,1], uw € V. Hence, fort € [0,1], u € V,
we have

|[Au(t)| = [ G(t,s)¢q(f(s,u(s), Dy, u(s))) ds

G(t, 5)s™7s7dq(f (s, u(s), Dl u(s))) ds

o O —_

1

1

< C'/ ZP(S)(l — ) P1lgTo s

0

B CB;
[(a—p1)A’

where B; = fol(l — s)a_pl_ls_" ds. Similarly, we derive

ChBy

—  te0,1],uevV,
[(a—p1)A (0.1

|D§+ (AU)(t)| <

which shows that AV is bounded in E. Next, we will verify that Dg+ (AV) is equicon-
tinuous. Let t1,t5 € [0,1], ¢ < t2,u € V, we get

| Dt (Au)(t2) — Dl (Au)(t1)|

e P P(s)(1— 5)o-mi] .
o [P (75 uts). D)) ds
0

N tzw s, u(s). D" u(s s
0/ F(a) (bq(f( ’ ( )7D0+ ( )))d

1
e [ PO (o), D) ds
0

+0/ OB (f (s, u(s), DX, u(s))) ds

; s —g)e—pi—l
< gt -t [ RO (s, uts), Dl uls)) ds
0

ta

) /(tg — ) T, (f (s, u(s), Di,u(s))) ds

RS
IN(

0

Nonlinear Anal. Model. Control, 23(6):851-865
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ty

_ m O/(t1 — 8)047 *#3*030¢q(f(s,u(s),D6‘+u(3))) ds

C
< (o) /(tg —5)* 17T ds — /(t1 — ) lTrgTe ds} .
0 0
Furthermore,

¢
1
/(t —5)2 Tl ds = ta*”*g/ (1—s)* 171577 ds.
0
0

Thus, we obtain
| DI, (Au)(t) — DY, (Au) ()]

C (tgfp,—l o ttlelufl) +

< CBs
Ia—p1)A

I(a)
where By = fol(l — 5)@"#~1579 ds. From above, the uniform continuity of t*~#~7,

te—r=1 and together with Lemma 2, we can derive that AV is relatively compact in F,
and so, we get that A : K — K is completely continuous. O

(7" —67"°) VeV,

3 Main results

For convenience, we denote

1 -1
w= (/ %P(s)(l —5)aPiTlgme ds) . (15)
0

Theorem 1. Assume that (HO) holds, and

(H2) t7¢4(f(t,z0, 1)) is continuous and nondecreasing on xq, T1;

(H3) For any t x mop x 1 € [0,1] x RT x RT, there exists d > 0 such that
t7¢q(f(t,z0,21)) < wd holds. Then the boundary value problem (1) has the
maximal and minimal positive solutions u* and v* on [0, 1], respectively, such
that 0 < ||u*|| < d, 0 < ||v*| < d. Moreover; for initial values uo(t) = dt®~ 1,
vo(t) =0, t € [0, 1], define the iterative sequences {uy,} and {v,} by

Up = Aup_1 = A ug, Vp = Avy g = A"y,
then
lim u, = lim A"ug = u*, lim v, = lim A"vg = v*.
n—oo n— oo n—o0 n— 00

https://www.mii.vu.lt/NA
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Proof. By Lemma 6, we know that A : K — K is completely continuous. Now we show
that A is nondecreasing. For any ul,uQ,D()‘+u1, D0‘+uQ € K and u; < us, D0+u1 <
D’+u2, according to the definition of A and (H2), we know that Au; < Aus. Let K4 =

{z € K: ||z|| < d}. Next, we prove that A : K; — K. If u € Py, then |jul| < d, i.e.,
lullo < d, || Dfyullo < d, by Lemma 4 and (H1), (H2), we have

(Au)(t) = [ G(t,5)dq(f(s,uls), D u(s))) ds

P(s)(1—s)* P 157757, (f(s,d,d)) ds
1 1

<wd | =P(s)(1—5)>P"1s7ds=d, teclo,1], (16)
/5"

DE, (Au)(t) = / DI G(t, 5)6q (f (s, u(s), DY u(s))) ds

< A P(s)(1—s)* P 1s775%¢, (f(s,d,d)) ds

O\H o
[y

1
< wd/ %P(s)(l —s)lsTods =d, telo,1], 17
0

then (16), (17) show that || Au|| = max{max;c,1] |Au(t)|, max,c(o,1) Dy |Au(t)|} <d,
hence A(K,) C K.

Let up(t) = dt®~ 1, t € [0,1], then ug(t) € K4. Let ug = Aug, ug = A%ug, then
we have uy,us € Kq. We denote 1,1 = Au, = A"ug (n = 0,1,2,...). In view
of the fact that A : Ky — Kj, it follows that u,, € A(Ky) C Kg(n = 1,2,...).
Since A is completely continuous, we assert that the sequence {u,, }°2 ; has a convergent
subsequence {uy, %2, such that limy_, o up,, = u* € K.

Since u; = Aug € Ky, by Lemma 3 and (H3), we get

1
Aug(t) / G(t,s)s 757 f(s,uo(s), Di,uo(s)) ds

0
< wdt®™ 1/A (1 —s)* P 1s=957 ds

= dt" = u(t), telo,1], (18)

Nonlinear Anal. Model. Control, 23(6):851-865
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which implies u; < ug. Hence, by (H1),

ug(t) = Auq (t /G (t,s)s 757 f(s,u1(s), Dh,ui(s)) ds

1
< /G(t,s)s*UsUf(s,uo(s),D6‘+uo(s)) ds
0

= AUO(t) = ul(t), te [0, 1]

By the induction, we have u,+1 < u, (n = 0,1,2,...). Therefore, lim,_, u,, = u*.
Using the continuity of A and taking the limit n — oo in u, 41 = Au, yields Au* = u*.

Let vo(t) = 0, t € [0, 1], apparently vy(t) € Kq. Let v; = Avg, va = A?vg, then
we have v; € Kg, vo € Kq4. Let v, = Av,_1 = A™yy (n = 0,1,2,...), and since
A: Ky — Kg, wehave v, € A(Ky) C Kq (n = 1,2,3,...). It follows from the
complete continuity of A that {v,, }22 ; is a sequentially compact set. Since v; = Avgy €
fd, we get

v1(t) = Avg(t) = (A0)(t) 20, 0<t<l.
Hence, we obtain
va(t) = Avi(t) > (A0)(t) = vi(t), 0<t<1.

By induction, we have v,,+1 = v, (n = 0,1,2,...), 0 < t < 1. Hence, there exists
v* € K, such that v,, — v* as n — oo. Applying the continuity of A and v, = Av,,
we have that Av* = v*.

If f(¢,0) £ 0,0 < t < 1, then the zero function is not the solution of BVP (1).
Hence, v* is a positive solution of BVP (1).

Since each fixed point of A in K is a solution of BVP (1), by above proof, we get that
u* and v* are positive solutions of the BVP (1) on [0, 1]. O

Remark 1. The iterative sequences in Theorem 1 begins with a simple function, which
is useful for computational purpose.

Remark 2. v* and v* are the maximal and minimal solutions of the BVP (1), respectively,
but ©* and v* may be coincident, and WheILu* and v* are coincident, the boundary value
problem (1) will have a unique solution in K 4.

4 An example

Consider the following infinite-point p-Laplacian fractional differential equations:
1/2 1/2
&p (Dg*u()) + f (£, u(t), Dy *u(t)) =0, 0<t <1,

u —u :u// :u/// :u() _
(0) = /(0) = u”(0) = w"(0) = u (0) = 0, )

oo

7/2 1 D5/2
=2 ol 5).

https://www.mii.vu.lt/NA
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wherea:11/2,u:1/2,p1:7/2,192=5/2,p:3,q:3/2’,7j:1/2j2’5j:1/j4’
o=1/2,

2400 (.2 2\2 ¢ 1 ) .

fay) = L@ Bry) € 010, 1x 0,1)

%’ (t,z,y) € (0,1] x [1,00) x [1,00).

Clearly,

Vigg(f(t,2,9)) = | f(t, )| 2 1t 2,) = VE(F(t2,9)) 2,

and Vi, (f(t,z,y)) = V1[2400/(rt) (x> +y?)?]'/? = /2400 /7 (2% +y?) is continuous
on[0,1] x Rt x R*.
By simple calculation, we have

_ ['(a) _ I'(a) = ga—p2—1
A= Ta—p) Tla—p) >

j=1
_ My T §§:L<1>2
(g -3 T(5-3) =2\
~ 38.18, (20)
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Taking d=28, then t7 ¢, (f(t, zo,x1)) ~ 2400/7 ~ 764 < 28.64 x 28 = wd, so, all
condition of Theorem 1 hold, then boundary value problem (19) has the maximal and
minimal positive solutions «* and v* on [0, 1].

Acknowledgment. The authors would like to thank the referee for his/her valuable
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